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Chapter 1

Introduction

Ever since the construction of the abacus in ancient Babylonia, calculating machines
have developed alongside mathematics. Throughout the centuries, these machines
have taken on various shapes, such as the Antikythera mechanism (2nd century
BC), the first mechanical clock (8th century), the mechanical astrolabes of the
middle ages (13th century), the mechanical calculator and the slide-rule (both 17th
century) and finally Babbage’s famous difference engine (19th century). However, it
was not until the Manhattan project in the 1940s and the subsequent development
of the transistor computer in the 1950s that computer assisted calculations started
taking on their current form.

Nowadays, in applied mathematics (as well as many other applied sciences) the
outcomes of computer-run simulations are commonly accepted as the answer to
many mathematical modelling problems. Such problems often consist of (possibly
many) coupled ordinary differential equations (ODEs) or partial differential equa-
tions (PDEs). In pure mathematics computer simulations are often used as a tool
to help visualise a problem and provide inspiration in solving it. But, whenever
computer simulations are employed, some crucial questions invariably crop up,
namely: how reliable are the results? or, more precisely, how well does the outcome
of a computer simulation actually approximate the solution of a problem?

In this thesis, we will address one possible answer to this question, in the form
of computer assisted proofs. This type of proof is the end result of a procedure that
uses computer obtained approximate numerical data to formulate a mathematically
rigorous answer to the problem in question.

The problems considered in this thesis are all taken from the study of continuous
dynamical systems, and are all infinite dimensional and non-linear in nature. For
such problems, it is generally impossible to obtain analytic expressions for solutions.
For “natural” parameter values (that is, without resorting to perturbation theory
or other limiting methods) even non-constructive existence proofs can be very
hard to find. Simultaneously, proving the existence of even a single solution can
be worthwhile. By means of forcing theorems, a single solution may provide
information on the dynamics of a system. A famous example of such a forcing
theorem is the “period-3 implies chaos” theorem from discrete dynamical systems.
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Chapter 2 provides another example, by showing that the existence of a solution of
an ODE implies, the existence of a connecting orbit of a PDE and in turn a highly
symmetric (spot) solution in that same PDE.

In the absence of available analytic tools, mathematicians often resort to
numerical methods. Thanks to state of the art algorithms, software and hardware,
such numerical solutions are relatively cheap to implement and are able to capture
many details of the problem. However, these methods usually do not provide
a proof of existence of the solution they find, nor can they guarantee that the
numerical solution approximates the true solution well.

Nonetheless, as we will explore throughout this thesis, such numerical methods
can still be used as the basis of an existence proof. In particular, the procedure
we outline will allow us to prove the existence of a unique solution close to a
numerically obtained result. Furthermore, this method also provides a rigorous
error bound on how close this unique solution lies to the numerical solution.

The use of such computer assisted proofs in dynamical systems has been around
since the 80s, when the Feigenbaum conjecture was proved using computer assisted
methods [74]. Another famous example from the 90s is the proof of existence of
chaos in the Lorenz system [95, 118]. Over the last few decades, the study of
computer assisted methods has developed into a diverse field, encompassing many
different disciplines and techniques. This thesis will focus mainly on application of
the radii-polynomial method, first developed in [27, 133].

As the name implies, The radii-polynomial method relies on the construction
of a polynomial p(r) in the radius r of a ball centered at the numerical solution.
The crucial step is that when this polynomial, whose coefficients can be computed
rigorously by a computer, is negative, then there must exist a unique solution of the
problem somewhere inside the ball. Hence this construction reduces the problem
solving ODEs and PDEs to checking a single inequality.

The radii-polynomial method and related computer assisted methods have been
used throughout the last few decades to obtain numerous results in the study of
dynamical systems, with examples including

• Initial value problems for ODEs [119, 82, 75, 128] and PDEs [136, 4, 137].

• Equilibrium solutions of PDEs [28, 38, 3, 127, 87].

• Boundary values problems in PDEs [133, 101, 5, 90, 6].

• Connecting orbits for ODEs [126, 78, 130], PDEs [134] and maps [91, 30].

• Periodic solutions for ODEs [20, 21], DDEs [76, 60] and PDEs [19].

• Proofs of chaos for discrete dynamical systems [98], ODEs [95] and PDEs
[124].

In this thesis, we will add to the existing theory by providing techniques that
allow for the construction of: solutions to non-autonomous ODEs and radially
symmetric equilibria of PDEs (Chapter 2), periodic solutions of non-polynomial
DDEs (Chapter 3), and unstable manifolds of DDEs (Chapter 4).



9

The very first step of the procedure that we will repeatedly use in this thesis, is
to rewrite the problem in question as a zero-finding problem,

F (x) = 0, (1.1)

where F maps between infinite-dimensional vector-spaces. Reformulating the
problems from dynamical systems as a zero-finding problems will be a recurrent
challenge in chapter of this thesis, and can be viewed as the sole objective of
Chapter 4. Unfortunately, it is difficult to check equalities involving, real, i.e.
non-integer, quantities by means of a computer. Hence checking an equality like
(1.1), where the left-hand side is both non-integer, and infinite dimensional is
entirely unsuitable for computer assisted verification.

Instead, we will use Newton’s method to rewrite the zero-finding problem (1.1)
as a fixed-point problem. This we will outline in Section 1.4. Once we have
rewritten our problem as a fixed-point problem, we verify, using a computer, that
the requirements of the Banach fixed-point theorem hold on some ball of radius r
around the numerical solution. This, then, implies the existence of a unique true
solution somewhere in this ball. Furthermore, since we explicitly construct the
radius r, we automatically obtain rigorous error-bounds on the numerical solution.
The crucial observation here, is that we can check whether the Banach-fixed point
theorem holds by verifying a finite number of inequalities. These inequalities
themselves can be derived by means of some pen-and-paper analysis, which we
summarise in Theorem 1.4.4 in Section 1.4.

While computers may not be able to verify equalities, they can rigorously verify
inequalities, provided that a computer can deal with any rounding errors that may
occur in a rigorous way. In practice, the verification of these inequalities is done
by making use of interval arithmetic, which is essentially a method of keeping
cumulative track of the rounding errors that occur within a computer’s processor.
We will give a brief introduction on interval arithmetic in Section 1.2.

In order to illustrate how we can use all of these techniques, we will apply them
to some examples from Chapter 4. Hence, before we delve into the theory behind
interval arithmetic, it will be worthwhile to introduce some material from this
chapter.

Intermezzo: delay equations

Many mathematical models describe systems with feedback loops. Delay dynamical
systems are systems in which this feedback is not instantaneous. Such a delayed
feedback appears when modelling things like traffic flow, relativistic mechanical
systems, and cell populations subjected to a slow physiological feedback. Systems
with instantaneous feedback can often be modelled by ODEs and can therefore be
completely described using a finite number of dimensions. However, delay dynamical
systems are invariably infinite dimensional. Hence introducing a, possibly time
or state-dependent, delay in the feedback greatly complicates the behaviour and
analysis of the system.
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In Chapter 4 we construct some tools to study the behaviour of such delay
dynamical systems. For readers unfamiliar with this type of dynamical system,
we will briefly introduce a couple of fundamental notions from the study of delay
dynamical systems and delay equation. The details of these facts and their
derivation can be found in Chapter 4.

A delay dynamical system is described by a delay differential equation or DDE.
A fairly simple example of such an equations is given by

y′(t) = f(y(t− τ)), (1.2)

where f : R→ R and where τ is the delay of the system. When τ = 0, equation
(1.2) is simply a 1-dimensional ODE and therefore all solutions will converge to
some constant equilibrium. However, for τ > 0 equation (1.2) becomes a delayed
system, and the analysis becomes much more involved. For instance, if we want
to consider (1.2) as an initial value problem at t = 0, then we need to specify all
values of y(t) for t ∈ [−τ, 0] as an initial condition. This means that the natural
phase-space for such systems is a function-space containing all possible “histories”
of the system. In other words, for τ > 0, problem (1.2) is infinite dimensional.

Nonetheless, we can still apply some techniques from standard (finite-dimen-
sional) dynamical systems. For instance, when f(c) = 0, for some c ∈ R, then
y(t) = c is an equilibrium solution. Furthermore, if y(t) = c is an equilibrium
solution, then we can look at the behaviour of (1.2) close to such an equilibrium
by linearisation. By substituting y(t) = c+ sh(t) into (1.2) and taking the limit
s→ 0, we find that

h′(t) = f ′(c)h(t− τ). (1.3)

It is not hard to see that the function ǫλ(t)
def
= eλt solves (1.3) whenever

λ = f ′(c)e−λτ . (1.4)

This equation is also called the characteristic equation associated with (1.3). So-
lutions of (1.4) are referred to as the eigenvalues of (1.3), and the corresponding
solutions, ǫλ(t), of (1.3) are called the eigenfunctions. Eigenvalues satisfying
Re(λ) > 0 and their corresponding eigenfunctions are called unstable. Likewise,
eigenvalues and eigenfunctions for which Im(λ) < 0 are called stable. For τ > 0, it
is not hard to see that there exist (countably) infinitely many solutions of (1.4).
However, only finitely many of these are unstable, if any.

While it is not true that all solutions of (1.3) are given by linear combinations
(or limits thereof) of ǫλ(t), it can be shown that this does hold for the unstable
solutions, i.e. for those solutions satisfying limt→−∞ y(t) = c.

Interval arithmetic

When using computers to perform calculations, one has to take into account one
of the fundamental properties of a computer: it can only deal with finitely many
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numbers. This set, which we will denote by F ⊂ R, consists of the floating-point
numbers or floats1.

The largest drawback of restricting calculations to these numbers is the fact
that rounding errors will occur, even when performing elementary operations like
multiplication and addition. This means that, even in finitely many dimensions,
simulations and calculations based on floating points will accrue errors with every
step of the calculation. In order to employ floats when attempting to perform
rigorous calculations, one can make use of interval arithmetic. Interval arithmetic
is a method that, by systematically rounding both up and down, allows for
mathematically precise results.

As an example, let us consider the standard multiplication operator ∗ : R×R→
R. Even when a, b ∈ F, it will generally not be true that a ∗ b ∈ F. Hence,
processors come equipped with a slightly different, numerical multiplication operator
∗̂ : F × F → F. This numerical multiplication is used to approximate the real
multiplication, i.e. |a ∗ b − a ∗̂ b| < ǫ, where ǫ is called the machine-epsilon. The
number obtained using the numerical multiplication, a ∗̂ b, is a rounding of the
number a ∗ b. Generally when using the “standard” (i.e. double precision) floating
points, ǫ ∼ 10−16. In constructing a ∗̂ b, some information is lost: not only in terms
of precision, but also in which direction, up or down, the rounding occurred.

By consistently rounding both up and down, we can counter this loss of infor-
mation. Instead of working with single floats, we consider (closed) intervals with
endpoints in F

IF̄
def
=
{

[a, b] ⊂ R̄ : a, b ∈ F̄
}
,

where R̄ = R∪{−∞,∞} denotes the extended real line and where F̄ = F∪{−∞,∞}
denotes the extended floating-point numbers. Note that for every x ∈ R, we can
find a (minimal) [a, b] ∈ IF̄ such that x ∈ [a, b].

We can now define multiplication on intervals, ∗ : IF̄ × IF̄ → IF̄ in such a way
that for I, J ∈ IF̄ the following fundamental inclusion property holds:

{
a ∗ b ∈ R̄ : a ∈ I, b ∈ J

}
⊂ I ∗ J ∈ IF̄. (1.5)

In practice, we can construct the left (lower) endpoint of I ∗ J by multiplying all
endpoints of I and J , rounding down and choosing the smallest resulting float.
Likewise, we can find the right (upper) endpoint by rounding up and choosing the
largest.

The other standard elementary operators + , − , ÷ : IF̄ × IF̄ → IF̄, can be
constructed in a similar manner. The resulting system of intervals and opera-
tions thereon is what we call interval arithmetic. Other standard functions, like
log, sin, exp, etc, we can also be implemented using interval arithmetic (by means
of Taylor’s theorem) in such a way that for every I ∈ IF̄ we have the following
fundamental inclusion property:

{
f(x) ∈ R̄ : x ∈ I

}
⊂ f(I) ∈ IF̄. (1.6)

1Generally, programming languages make several such sets available to their user, mainly
differing in the precision of the floating-point numbers (such as single or double precision).
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It should be noted that interval arithmetic is not unique. Different implemen-
tations of interval arithmetic may result in different expressions for I ∗ J or f(I).
This is, however, not a problem as long as the fundamental inclusion properties from
(1.5) and (1.6) hold, since it is these properties that allow us to prove inequalities.

There are many implementations of interval arithmetic available, in the form of
libraries or as part of general mathematical software. Among the most commonly
used are the Intlab Library for Matlab and the Profil/BIAS library for C++.
Additionally, symbolic software like Maple and Mathematica also support interval
arithmetic.

Example: real eigenvalue of DDEs using interval

arithmetic

One straightforward application of interval arithmetic to DDEs, is that we can
use it to give explicit bounds on the eigenvalues, which can be used to provide
information about the dynamics of the DDE near an equilibrium. As an example,
we shall look at a DDE of the form (1.2), with f(x) = x− x3. This equation, given
by

y′(t) = y(t− τ)− y(t− τ)3, (1.7)

is known as the cubic Ikeda equation. It is hypothesised that for the certain values
of 1.538 ≤ τ ≤ 1.723 the Ikeda equation exhibits chaotic behaviour. Since chaos
often results in nice looking pictures, we will specifically consider the case where
τ = 1.595.

Since f(0) = 0, (1.7) has an equilibrium at y = 0. Recall now from Section
1.1 that the behaviour near an equilibrium can be (partially) described by the
functions ǫλ(t)

def
= eλt, where λ solves the characteristic equation (1.4). For the

cubic Ikeda equation, the characteristic equation is given by

φ(λ)
def
= e−λτ − λ = 0. (1.8)

Suppose now that we wish to locate a real solution λ̂ ∈ R of this equation
for our chosen τ = 1.595. First note that φ(0) = 1 and since τ > 0, we have

φ(1) < e−τ − 1 < 0. Therefore, by continuity of φ, there exists a λ̂ ∈ (0, 1) such

that φ(λ̂) = 0. If we want to know the location of this λ̂ more precisely, then we
can use these values, λ− = 0 and λ+ = 1 as input for the following algorithm.

1. Pick λ−, λ+ ∈ F, with λ− < λ+.

2. Verify (using interval arithmetic) that φ({λ−}) > 0 and φ({λ+}) < 0.

3. Generate an approximately2 uniform partition λ− = λ1, . . . , λn = λ+ with
λ1 < . . . < λn and λ1, . . . , λn ∈ F.

2We can only choose an approximately uniform partition, since we have no guarantee that the
points belonging to the uniform partition will lie in F.
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4. We replace the old values of λ− and λ+ by

λ− = max{λ ∈ {λ1, . . . , λn} : φ({λ}) > 0 can be verified}

λ+ = min{λ ∈ {λ1, . . . , λn} : φ({λ}) < 0 can be verified},

where the verification is done using interval arithmetic.

5. Repeat steps 3 and 4 until the desired precision is obtained, or until no better
result can be verified.

This procedure results in an interval Iλ
def
= [λ−, λ+] ∈ IF̄ for which it also holds that

φ({λ−}) > 0 and that φ({λ+}) < 0, but with a far smaller width. In particular,
this algorithm will, in just dozens of steps, produce an interval whose width is
typically of approximately machine precision.

For n = 3, this algorithm is very similar to the well-known bisection method.
The difference lies in the fact that if λ2 lies too close to the zero λ̂, then we will
find 0 ∈ φ({λ2}). In this case we cannot verify that φ({λ2}) > 0 or φ({λ2}) < 0
and the algorithm will not be able to produce a narrower interval.

The implementation of this algorithm, using the Intlab 9.1 package for Mat-
lab/Octave, for τ = 1.595, n = 6 and taking 30 steps, results in a non-empty
interval satisfying3

Iλ ⊂ [0.47144447733532, 0.47144447733533].

Thus we have identified λ0 up to an interval of width 10−16.
It is a lot harder to generalise the above result to complex eigenvalues, since

there is no intermediate-value theorem like this for complex functions. However,
since all solutions of (1.8) must lie along the curve

|λ|2 = e−2τ Reλ,

it is still possible to construct a version of the above procedure for complex
eigenvalues. This argument still relies on the reduction of the problem to a one-
dimensional setting. In order to tackle truly multi-dimensional problems we will
have to develop an entirely different set of techniques, which is exactly what we
will do in the next section.

Contractions & the radii-polynomial method

The procedure outlined in the previous section allows us to find solutions of problems
that can be written as φ(x) = 0, as long as φ maps R to R. However, for general
problems of the form F (x) = 0, where x is higher- or even infinite-dimensional it is
not possible to construct an argument based on the intermediate value theorem.
How then, can we use computer assisted proofs and interval arithmetic to find
complicated objects, like solutions of differential equations? This is the central

3Note that we have not used an equality sign. This is due to the fact that the output is given
in decimal notation, while the endpoints of Iλ lie in the binary-based F.
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problem that we will address throughout this thesis. In this section we explain the
general method we will employ to answer this question.

Suppose that we are given a map F : X → X ′ between Banach spaces and we
wish to show the existence of a solution x̄ ∈ X such that

F (x̄) = 0.

The classical approach to numerically solving this problem, is by using Newton’s
method. That is, we construct a solution by means of an iterative process xn+1 =
N(xn), where N : X → X is the classical Newton map:

N(x) = x−DF (x)−1DF (x).

It should be noted that we assume in this construction that F is differentiable and
that DF (x) is invertible near the solution x̄. From this it follows that, since DF (x̄)
is invertible, F (x̄) = 0 holds if and only if N(x̄) = x̄. In other words, zeroes of F
are fixed-points of N and the other way around.

The reason that Newton’s methods is so effective, is that the map N is strongly
contractive near zeros of F . To understand what we mean by that, we introduce
the following notion.

Definition 1.4.1. Let T : X → X, and U ⊂ X. If T (U) ⊂ U and if there exists
an 0 < L < 1 such that

‖T (x)− T (y)‖ ≤ L‖x− y‖ (1.9)

for all x,y ∈ U , then we say that T is a contraction on U .

A function satisfying (1.9) is called Lipschitz continuous, and the smallest
constant L for which a function is Lipschitz continuous is referred to as the
Lipschitz constant. Hence a function is a contraction if and only if it is Lipschitz
continuous with Lipschitz constant L < 1. Furthermore, the smaller the Lipschitz
constant, the stronger the contraction is. It follows easily from this definition that
Lipschitz continuous functions are continuous. Furthermore, in the case where F
is differentiable, this constant can be calculated by bounding the derivative DF .

Lemma 1.4.2. Let T : X → X be differentiable and let U be open and convex .
Then the Lipschitz constant L of T on U is given by

L = sup
z∈U
‖DT (z)‖,

where ‖DT (z)‖ denotes the operator norm.

Proof. First note that

T (x)− T (y) =

∫ 1

0

d

dt
T ((1− t)x + ty)dt =

∫ 1

0

DT ((1− t)x + ty)(y − x)dt.
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Taking the norm, we then find that

‖T (x)− T (y)‖ ≤

∫ 1

0

‖DT ((1− t)x + ty)‖‖y − x‖dt ≤ sup
z∈U
‖DF (z)‖‖y − x‖,

where we used that, by convexity, (1 − t)x + ty ∈ U for all t ∈ [0, 1]. Equality
follows by observing that

‖DT (z)h‖ = lim
ǫ→0

‖T (z + ǫh)− T (z)‖

|ǫ|
≤ lim
ǫ→0

L‖z + ǫh− z‖

|ǫ|
= L‖h‖,

hence ‖DT (z)‖ ≤ L for all z ∈ U .

This results also explains why Newton’s method is so effective. Namely, if
F (x̄) = 0 is C2, then it follows that N is continuous differentiable and DN(x̄) = 0.
Hence for x sufficiently close to x̄ we have by continuity of DN that

‖N(x)− x̄‖ ≤ ǫ‖x− x̄‖,

where ǫ becomes arbitrarily small as we consider x closer to x̄. Therefore if x0

starts sufficiently close to x̄, then the sequence defined by xn+1 = N(xn) converges
exponentially, since ‖xn − x0‖ ≤ ǫ

n‖x0 − x̄‖.
The main advantage of studying contractions comes in the form of the Banach

fixed-point theorem. While this theorem holds on all complete metric spaces, we
will state it here in terms of subsets U of a Banach space X.

Theorem 1.4.3. Let X be a Banach space, let U ⊂ X be closed and let T : X → X
be a contraction on U . Then there exists a unique x̄ ∈ U such that T (x̄) = x̄.

Ideally, we could now show the existence of a zero of F by computing an
approximate solution x̂ and subsequently showing that N is indeed contractive
on Br(x̂), the closed ball of radius r around x̂. Unfortunately, for non-linear F
the analysis needed to show that N is contractive is impeded by the difficulty in
studying DF (x)−1. It is generally difficult to invert infinite-dimensional operators
and the dependence of x only makes the analysis more involved.

But, since N becomes more contractive as we get closer to the fixed point, we
can perturb the operator N and still expect to obtain a contractive operator. In
order to simplify the analysis, we therefore replace DF (x)−1 by a fixed operator
A : X ′ → X such that A ≈ DF (x̂)−1. Hence, instead of analysing the map N , we
will instead study the Newton-like operator T : X → X

T (x) = x−AF (x). (1.10)

If the operator A is chosen injectively, then it still holds that T (x) = x if and only
if F (x) = 0. Furthermore, while T may be less contractive, the analysis needed to
prove contractivity is greatly simplified.

To show that T is contractive on Br(x̂), we will need two pieces of information.
First of all, we need to know how well x̂ approximates a fixed point of T , which
we can estimate by computing ‖T (x̂)− x̂‖. Secondly, we need to have an estimate
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on the Lipschitz constant of T on Br(x̂), which we get by computing an upper
bound for ‖DT (x)‖ on Br(x̂) (see also Lemma 1.4.2). It should be noted that we
do not fix r while computing the latter estimate, but rather we will compute it as
a function of r. Having computed this function, we can then identify the radius r
for which T is a contraction on Br(x̂).

The formal statement of this method is a theorem known as the parameterised
Newton-Kantorovich theorem

Theorem 1.4.4. Let T : X → X be differentiable and let x̂ ∈ X. Furthermore,
suppose that there exists a constant Y > 0 and a function Z : R+ → R+ such that

‖T (x̂)− x̂‖ ≤ Y (1.11a)

sup
‖y‖≤1

‖DT (x̂ + ry)‖ ≤ Z(r). (1.11b)

If there exists a radius r̂ such that

p(r̂)
def
= Y + r̂Z(r)− r̂ < 0, (1.12)

then T is a contraction on Br̂(x̂).

Proof. First we note that if (1.11b) holds, then for x, z ∈ Br̂(x̂),

‖T (z)− T (x)‖ ≤

∫ 1

0

‖DT ((1− t)x + tz)‖‖z− x‖dt ≤ Z(r̂)‖z− x‖dt, (1.13)

where we used that, by convexity, ((1− t)x + tz) ∈ Br̂(x̂) for all t ∈ [0, 1].

Next we note that if (1.12) holds, then Y +Z(r̂)r̂ < r̂. Therefore, if ‖z− x̂‖ ≤ r̂,
then by the triangle-inequality

‖T (z)− x̂‖ ≤ ‖T (x̂)− x̂‖+ ‖T (z)− T (x̂)‖

≤ Y + Z(r̂)‖z− x̂‖

≤ Y + Z(r̂)r̂ < r,

where in the second estimate we used (1.11a) and (1.13) respectively. But then it
follows that if (1.12) holds, then T maps Br̂(x̂) into itself. Finally, if (1.12) holds,
then it also follows that Z(r̂) < 1, therefore (1.13) shows that T is a contraction
on Br̂(x̂).

In practice, the function Z is often chosen to be polynomial, hence the function
p in (1.12) is also referred to as the radii-polynomial. Likewise, the procedure
used to obtain p, involving the construction of the Newton-like operator T and the
use of the parameterised Newton-Kantorovich theorem, is also referred to as the
radii-polynomial method.

To illustrate how we can use this method, let us build on the example we gave
in Section 1.3.



17

Example: the radii polynomials method for the un-

stable manifold of a DDE

When studying dynamical systems, it is important to understand the behaviour
of solutions near equilibria. In particular, the stable and unstable manifolds
describe the solutions that converge to an equilibrium in forward or backward time.
Informally, the unstable manifold of an equilibrium can be viewed as the set of all
solutions “originating” in the equilibrium.

In Chapter 4 we provide an algorithm to construct maps that explicitly describe
the behaviour of solutions in the unstable manifold of equilibria of DDEs. More
specifically, suppose c is an equilibrium with n unstable eigenvalues, λ1, . . . , λn
(recall from Section 1.1 that there are finitely many). Furthermore, let D

n denote
the closed unit ball in R

n. Our goal is to construct a smooth map P : Dn → R
n

such that P (0) = c, and such that for every σ = (σ1, . . . , σn) ∈ D
n, the function

uσ defined by

uσ(t)
def
= P (σ1e

λ1t, . . . , σne
λnt)

is a solution of the DDE for all t < 0. In other words, this map P associates with
every σ a solution satisfying

lim
t→−∞

uσ(t) = lim
t→−∞

P (σ1e
λ1t, . . . , σne

λnt) = P (0, . . . , 0) = c.

Since it can be shown that all solutions in the unstable manifold close enough to
the equilibrium can be described like this, the map P effectively parameterises a
part of the unstable manifold around the equilibrium.

As an example, let us consider again the cubic Ikea equation

y′(t) = y(t− τ)− y(t− τ)3, (1.14)

where τ = 1.595. Chapter 4 provides us with the following useful result for the
unstable manifold at the equilibrium y = 0.

Theorem 1.5.1. Let P : [−1, 1] → R be given by the Taylor series P (σ) =∑∞
k=0 pkσ

k. Furthermore, let p0 = 0 and let p1 > 0 be fixed. Finally, let λ ∈ R

with λ > 0 satisfy the characteristic equation λ = e−λτ . If the Taylor coefficients
pn satisfy

nλpn = e−λnτ


pn −

n∑

k=0

n−k∑

j=0

pj pk pn−j−k


 (1.15)

for all n ≥ 2, then for every σ ∈ [−1, 1], the function uσ : (−∞, 0]→ R given by

uσ(t)
def
= P (σeλt)

is a solution of the cubic Ikeda equation (1.14) satisfying limt→−∞ uσ(t) = 0.
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First we must choose a Banach space in which to look for solutions. As motivated
by the theory from Chapter 4, we will choose a subspace of ℓ1. First though, recall
that

ℓ1 = ℓ1(N0)
def
=

{
x = (x0, x1, x2, x3, . . .) :

∞∑

n=0

|xn| <∞

}
,

with the usual ℓ1 norm:

‖x‖1
def
=

∞∑

n=0

|xn|.

We will now define the Banach space ℓ1≥2 ⊂ ℓ
1 by the closed subspace

ℓ1≥2
def
=
{
x ∈ ℓ1 : x0 = x1 = 0

}
.

Let us now choose p̂1 > 0 and define p̂ ∈ ℓ1 (and in the complement of ℓ1≥2)
by setting p̂ = (0, p̂1, 0, 0, . . .). It is not hard to see that solving (1.15) essentially
boils down to finding a zero of the function4 F : ℓ1≥2 → ℓ1≥2, given by

F (x2,x3, . . .)n
def
=

nxn −
e−λnτ

λ


xn −

n∑

k=0

n−k∑

j=0

(p̂+ x)j (p̂+ x)k (p̂+ x)n−j−k


 .

(1.16)

To provide estimates for terms involving operators on the Banach space ℓ1≥2,
we will need the following result.

Lemma 1.5.2. Let B : ℓ1≥2 → ℓ1≥2 be given by (Bx)j =
∑∞
j=2Bjkxk. Then for

every x ∈ ℓ1≥2, we have

‖Bx‖1 ≤ ‖B‖‖x‖1,

where the operator norm of B
def
= sup‖x‖≤1 ‖Bx‖1 is given by

‖B‖ = sup
k≥2

∞∑

j=2

|Bjk|.

Next we will choose our approximate solution x̂. To this end, let us consider a
function FN : RN−2 → R

N−2, defined by

FN (x2, . . . , xN )n
def
=

nxn −
e−λnτ

λ


xn −

n∑

k=0

n−k∑

j=0

(p̂+ x)j (p̂+ x)k (p̂+ x)n−j−k


 ,

4Technically, F does not map into ℓ1
≥2

, since (nxn)n need not be in ℓ1
≥2

. This does not matter

for the construction of T though.
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where 2 ≤ n ≤ N . Clearly this map FN is just a truncation of the original map
F . Since this is a finite-dimensional map, we can use Newton’s method (together
with an already accurate starting-point provided by Chapter 4), to compute an
approximate solution (x̂2, . . . , x̂N ). Subsequently, we define x̂ ∈ ℓ1≥2 by setting

x̂
def
= (0, 0, x̂2, . . . , x̂N , 0, 0, 0, . . .).

For n ≤ N , we have that F (x̂)n ≈ 0. Furthermore, if λτ is sufficiently large, we
expect that e−λnτ ≈ 0 for n > N . Hence it is not unreasonable to expect that
indeed F (x̂) ≈ 0.

What remains is to identify an approximate inverse of the derivative DF (x̂).
To that end, we observe that for large λn, the n-th component of F is a “small”
perturbation of the map x 7→ nxn. In other words, if we were to look at the
derivative DF (x), then the diagonal of this matrix would be significantly larger
than the other components of this matrix, especially for large indices n. In this
case we say that DF (x) is diagonally dominant.

First we calculate the (N − 2)× (N − 2) matrix A† defined by

A†
N

def
= DFN (x̂2, . . . , x̂N ).

Let us denote the (N − 2)× (N − 2) identity matrix by IdN . We then construct an

approximate inverse of A†
N , i.e. a matrix AN such that ANA

†
N = J , where J ≈ IdN .

Finally, we define operators

A† def
=




A†
N 0 0 · · ·
0 N + 1 0 · · ·
0 0 N + 2 · · ·
...

...
...

. . .


 A

def
=




AN 0 0 · · ·
0 1/N+1 0 · · ·
0 0 1/N+2 · · ·
...

...
...

. . .


 . (1.17)

In other words, we construct A such that it consists partly of the numerically
computed matrix AN , and partly of the exact “tail” provided by 1/n. In conclusion,
we find that A† ≈ DF (x̂) and

AA† =

(
J 0
0 Id

)
,

where J ≈ IdN as an (N − 2)× (N − 2) matrix, and where Id is the infinite identity
matrix acting on the tail.

Remark 1.5.3. The fact that DF is diagonally dominant is very important in
this construction, since this allows us to approximate the tail of the inverse of the
derivative by a diagonal matrix. When choosing F (and the Banach spaces X and
X ′) it is crucial to keep in mind this diagonal dominance, since without it the
construction of the approximate inverse will be a lot harder, if not impossible.

While A† does not map ℓ1≥2 to ℓ1≥2, the approximate inverse A does. Moreover,

the composed map AF also maps ℓ1≥2 to ℓ1≥2. The norm of the operator A can be
estimated as follows.
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Lemma 1.5.4.

‖A‖ = max





1

N + 1
, sup
2≤k≤N

N∑

j=2

|(AN )jk|



 .

Proof. This follows directly form Lemma 1.5.2.

Since AN has finitely many, numerically known, elements, it directly follows
that ‖A‖ can be computed using a finite number of operations and can therefore
be bounded using interval arithmetic.

Having chosen a Banach space, and having constructed both an approximate
solution and an approximate inverse, we can now construct a map T : ℓ1≥2 → ℓ1≥2,
given by

T (x)
def
= x−AF (x).

To show that F has a unique zero near x̂, what remains is to explicitly derive the
Y and Z needed to apply Theorem 1.4.4. The injectivity of A is automatically
guaranteed as a by-product.

The Y bound.

Recall from Theorem 1.4.4 that the Y bound must satisfy

‖T (x̂)− x̂‖1 = ‖AF (x̂)‖1 ≤ Y.

Since x̂n = 0 for n > N , we also have that F (x̂)n = 0 for all n > 3N . This means
that we can write

‖AF (x̂)‖1 =
3N∑

j=2

|[AF (x̂)]j | =
3N∑

j=2

∣∣∣∣∣

3N∑

k=2

AjkF (x̂)k

∣∣∣∣∣

=

N∑

j=2

∣∣∣∣∣

N∑

k=2

(AN )jkF (x̂)k

∣∣∣∣∣+
3N∑

k=N+1

|F (x̂)k|

k
,

where AN is the (N − 2) × (N − 2) matrix used to construct the approximate
inverse A. The right-hand side of the above equation consists of only finitely many
operations. Hence we can give a rigorous upper-bound for this expression using
interval arithmetic, effectively allowing us to compute a Y such that

Y =

N∑

j=2

∣∣∣∣∣

N∑

k=2

(AN )jkF (x̂)k

∣∣∣∣∣+

3N∑

k=N+1

|F (x̂)k|

k
.

The Z bound.

The Z bound requires a little more work. Working on ℓ1≥2, the Z-bound is a
function satisfying

sup
‖y‖1≤1

‖DT (x̂ + ry)‖ ≤ Z(r),
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where we have that

‖DT (x̂ + ry)‖ = ‖ Id−A DF (x̂ + ry)‖.

Since we constructed the operator A† such that A† ≈ DF (x̂), it is natural to
decompose the right-hand side of the previous equation as

‖DT (x + ry)‖ ≤
∥∥Id−AA†

∥∥+
∥∥A(A† −DF (x̂ + ry))

∥∥ .

The final term requires us to compare A† with DF (x̂ + ry). However, it is
significantly easier to compare A† with DF (x̂) and DF (x̂) with DF (x̂+ry), which
motivates the following final decomposition

sup
‖y‖1≤1

‖DT (x + ry)‖ ≤
∥∥Id−AA†

∥∥
︸ ︷︷ ︸

≤Z0

+
∥∥A(A† −DF (x̂))

∥∥
︸ ︷︷ ︸

≤Z1

+ sup
‖y‖1≤1

‖A(DF (x̂)−DF (x̂ + ry))‖

︸ ︷︷ ︸
≤Z2(r)

.

In other words, we have decomposed the Z-bound into three components, namely
two constants Z0, Z1 ≥ 0 and a function Z2 : R+ → R+, such that

sup
‖y‖1≤1

‖DT (x̂ + ry)‖ ≤ Z0 + Z1 + Z2(r).

Note that by the construction of A and A†, we expect the Z0 bound to be small.
Furthermore, if Z0 < 1, then it automatically follows that A is indeed injective.
Next, since A† approximates the derivative in DF (x̂), we expect the Z1 bound to
also be small. Finally, we expect that the Lipschitz bound Z2(r) will go to 0 as
r → 0. Hence, for the right choice of r, it is not unreasonable to expect that Z(r)
will indeed be small as well. In fact, it is obvious that Z2(0) = 0 should hold for
this bound.

The Z0 bound

We first consider the Z0 bound. We note that by their definition in (1.17), the
operators A and A† satisfy

Id−AA† =




IdN −ANA
†
N 0 0 · · ·

0 0 0 · · ·
0 0 0 · · ·
...

...
...

. . .


 ,

where ANA
†
N ≈ IdN . Using Lemma 1.5.2, we then infer that

‖ Id−AA†‖ = max
2≤k≤N

N∑

j=2

|(IdN −ANA
†
N )jk|.
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Since computing the right-hand side only requires a finite number of operators, we
can use interval arithmetic to provide a bound Z0 such that

Z0 = max
2≤k≤N

N∑

j=2

|(IdN −A
NA†

N )jk|.

The Z1 bound

Next, we consider the Z1 bound. We first take a closer look at DF (x̂). Let us
define ŵ = (ŵ0, ŵ1, ŵ2, . . .) ∈ ℓ

1 by setting

ŵn
def
=





1 if n = 0

−3

n∑

k=0

(p̂+ x̂)k(p̂+ x̂)n−k if n ≥ 1.

Note that ŵ1 = 0, since p̂0 = x̂0 = 0 and that since x̂n = 0 for n > N , we
also have ŵn = 0 for all n > 2N . Furthermore, we have for an arbitrary z =
(0, 0, z2, z3, . . .) ∈ ℓ

1
≥2,

n∑

k=0

zkŵn−k = zn − 3

n∑

k=0

n−k∑

j=0

zk(p̂+ x̂)j(p̂+ x̂)n−j−k.

This allows us to write the directional derivative of F as

(DF (x̂)z)n = nzn −
e−λnτ

λ

n∑

k=0

zkŵn−k.

By the definition of A†, it similarly follows that

(A†z)n =




nzn −

e−λnτ

λ

n∑

k=0

zkŵn−k if n ≤ N

nzn otherwise,

hence it follows that [A(DF (x̂)−A†)z]n = 0 for n ≤ N , and that

[A(DF (x̂)−A†)z]n = −
e−λnτ

nλ

n∑

k=0

zkŵn−k,

for n > N . We then find that for n > N ,

|[(DF (x̂)−A†)z]n| ≤
e−λnτ

nλ

n∑

k=0

|zk| |ŵn−k|

≤

(
max

0≤j≤2N
|ŵj |

)
‖z‖1

e−λnτ

nλ
,
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where we used explicitly that ŵn = 0 for n > 2N to reduce the computation to
taking the maximum over finitely many elements. We can finally conclude that

‖A(DF (x̂)−A†)z‖1 ≤ ‖A‖‖(DF (x̂)−A†)z‖1

≤ ‖A‖
∞∑

n=2

|[A(DF (x̂)−A†)z]n|

≤ ‖A‖

(
max

0≤j≤2N
|ŵj |

)
‖z‖1

∞∑

n=N+1

e−λnτ

nλ

≤ ‖A‖‖z‖1

(
max

0≤j≤2N
|ŵj |

)
e−λNτ

λ(N + 1)

1

eλτ − 1
,

which again only involves a finite number of operations. Hence we can, using
interval arithmetic, provide an upper bound Z1 such that

Z1 = ‖A‖
e−λNτ

λ(N + 1)

1

eλτ − 1
max

{
1, 3 max

2≤n≤2N

∣∣∣∣∣

n∑

k=0

(p̂+ x̂)k(p̂+ x̂)n−k

∣∣∣∣∣

}
,

where we substituted ŵ by its definition.

The Z2 bound

Finally, we need to calculate the Z2 bound. To this end, recall that Z2 is obtained
by estimating

sup
‖y‖1≤1

‖A(DF (x̂)−DF (x̂ + ry))‖ ,

where y = (0, 0, y2, y3, . . .) ∈ ℓ
1
≥2, and ‖y‖ ≤ 1. If we apply the derivative to an

arbitrary z = (0, 0, z2, z3, . . .) ∈ ℓ
1
≥2, we see that

(DF (x̂ + ry)−DF (x̂)) z =
d

dt
(F (x̂ + ry + tz)− F (x̂ + tz))

∣∣∣∣
t=0

=

∫ r

0

d

dt

d

ds
F (x̂ + sy + tz)

∣∣∣∣
t=0

ds.

Using the mean value theorem, we can use this to conclude that
∥∥A(DF (x̂)−DF (x̂ + ry))

∥∥ ≤

r‖A‖ sup
0≤s≤r

sup
‖z‖≤1

∥∥∥∥
d

dt

d

ds
F (x̂ + sy + tz)

∣∣∣∣
t=0

∥∥∥∥
1

.

Furthermore, recalling that for y = (0, 0, y2, . . .) ∈ ℓ
1
≥2 we have that y0 = y1 = 0,

and similarly for z ∈ ℓ1≥2, we find that

d

dt

d

ds
F (x̂ + sy + tz)n

∣∣∣∣
t=0

= 6
e−λnτ

λ

n∑

k=0

n−k∑

j=0

yjzk(p̂+ x̂+ sy)n−j−k.
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It then follows that

∥∥∥∥
d

dt

d

ds
F (x̂Z + sy + tz)

∣∣∣∣
t=0

∥∥∥∥
1

≤
6

λ

∞∑

n=0

e−λnτ
n∑

k=0

n−k∑

j=0

|yj ||zk||(p̂+ x̂)n−j−k + syn−j−k|

=
6

λ

∞∑

n=0

n∑

k=0

n−k∑

j=0

e−λnτ |yj ||zk||(p̂+ x̂)n−j−k + syn−j−k|

=
6

λ

(
∞∑

n=0

e−λnτ |yn|

)(
∞∑

n=0

e−λnτ |zn|

)(
∞∑

n=0

e−λnτ |(p̂+ x̂)n + syn|

)

≤
6

λ
e−4λτ‖y‖1‖z‖1

(
se−2λτ‖y‖1 +

N∑

n=0

e−λnτ |(p̂+ x̂)n|

)
,

where we used that, since y ∈ ℓ1≥2, it follows that

∞∑

n=0

e−λnτ |yn| =
∞∑

n=2

e−λnτ |yn| ≤ e
−λ2τ

∞∑

n=2

|yn| ≤ e
−2λτ‖y‖,

and similarly for z. This allows us to conclude that

sup
‖y‖1≤1

∥∥A(DF (x̂)−DF (x̂ + ry))
∥∥

≤ r‖A‖ sup
0≤s≤r

sup
‖z‖,‖y‖≤1

∥∥∥∥
d

dt

d

ds
F (x̂ + sy + tz)

∣∣∣∣
t=0

∥∥∥∥
1

≤ r‖A‖
6

λ
e−4λτ

(
re−2λτ +

N∑

n=0

e−λnτ |(p̂+ x̂)n|

)
.

This final expression is a polynomial of the form ar2 + br, where the expressions for
the coefficients a and b each consist of a finite number of operations. In conclusion,
we can use interval arithmetic to provide a bound Z2 satisfying

Z2(r) = r‖A‖
6

λ
e−4λτ

(
re−2λτ +

N∑

n=0

e−λnτ |(p̂+ x̂)n|

)
.
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Figure 1.1: The odd coefficients of the approximate solution x̂.

The radii polynomial

We can sum up the results of the previous section as follows:

Y =

N∑

j=2

∣∣∣∣∣

N∑

k=2

(AN )jkF (x̂)k

∣∣∣∣∣+

3N∑

k=N+1

|F (x̂)k|

k

Z0 = sup
2≤k≤N

N∑

j=2

|(IdN −ANA
†
N )jk|

Z1 = ‖A‖
e−λNτ

λ(N + 1)

1

eλτ − 1
max

{
1, 3 max

2≤n≤2N

∣∣∣∣∣

n∑

k=0

(p̂+ x̂)k(p̂+ x̂)n−k

∣∣∣∣∣

}

Z2(r) = r‖A‖
6

λ
e−4λτ

(
re−2λτ +

N∑

n=0

e−λnτ |(p̂+ x̂)n|

)
.

Let us now compute these bounds for the example we covered in Section 1.3,
i.e. where we took τ = 1.595 and found λ ≈ 0.4714. We set N = 80 and p1 = 15
and compute x̂, using techniques developed in Chapter 4. In doing so, we observe
an interesting fact: all even coefficients are found to be zero. The remaining odd
coefficients are plotted in Figure 1.1.

Remark 1.5.5. The fact that all even Taylor coefficients are zero can also be
concluded directly from (1.14) by means of a symmetry argument. Namely, if
y is a solution, then so is −y, hence it follows that the function P must satisfy
P (−x) = −P (x), implying that only the odd Taylor-coefficients are nonzero. We
could have used this information to construct the radii polynomial on a slightly
smaller sequence space, resulting in more efficient computations and possibly tighter
estimates. However, since doing so would obfuscate some of the derivations above
we have chosen not to do so.
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Next we compute A, and find that ‖A‖ ≤ 2.8502× 104. Using this, we find the
following Y and Z bounds:

Y = 1.4148× 10−8

Z0 = 1.9622× 10−10

Z1 = 2.9867× 10−13

Z2(r) = r2(3.9827× 103) + r(2.6739× 106).

Note that since Z0 < 1, it follows that A is indeed injective.
If we now define the radii polynomial

p(r)
def
= Y + Z(r)r − r

= Y + (Z0 + Z1 − 1)r + Z2(r)r,

then it can be verified that if we take r̂ ∈ [1.4729 × 10−8, 3.5925 × 10−7], then
p(r̂) < 0. Hence it follows that Y + Z(r̂)r̂ < r̂. Therefore by Theorem 1.4.4, T has
a unique fixed point x̄ ∈ Br̂(x̂). Since A is injective, it follows that F (x̄) = 0.

In conclusion, we have found the existence of a x̄ ∈ ℓ1≥2 such that p̂ + x̄ =

(0, 15, x̄2, x̄3, . . .) ∈ ℓ
1 are the Taylor coefficients of a map P : [−1, 1]→ R parame-

terising the unstable manifold. For a visualisation of manifold described by the
map P̄ , see Figure 1.4. Furthermore, we have not only proven the existence of
such a parameterised, but we can also use the radii-polynomial to construct an
explicit error bound. Let us denote the parameterisation (corresponding to p̂ + x̄)
by P̄ , and the approximate parameterisation (corresponding to p̂ + x̂) by P̂ . Since
p(r̂) < 0 for r̂ = 1.4729× 10−8, it follows that for all σ ∈ [−1, 1],

|P̄ (σ)− P̂ (σ)| ≤
∞∑

k=2

|x̄k − x̂k|σ
k ≤ ‖x̄− x̂‖ ≤ r̂ = 1.4729× 10−8.

The fact that p(r̂) < 0 for r̂ = 3.5925× 10−7 also tells us that there are no other
parameterising coefficients within a ball of radius r̂ = 3.5925×10−7 around x̂ ∈ ℓ1≥2,

since Theorem 1.4.4 also provides uniqueness5.

About this thesis

The radii-polynomial method, which was outlined in the example above, will be
a recurring theme in the following chapters. The method was first developed in
[27] which was in turn based on an earlier argument in [133]. In general, whenever
we wish to use the radii-polynomial method to study a problem, we follow the
following procedure

5This uniqueness is not particularily interesting for this specific example, since it can easily be
shown that any parameterisation of the unstable manifold for which P (σeλt) is a solution of the
DDE, is unique op to the choice for p1. In other problems though, the uniqueness aspect can be
very convenient.
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1. We choose a function F and Banach spaces X and X ′ such that the problem
can be represented as F (x) = 0, keeping in mind the desired diagonal
dominance, cf. Remark 1.5.3.

2. We compute an approximate solution x̂ ∈ X.

3. We construct the approximate derivative A† ≈ DF (x̂), and construct A ≈
DF (x̂)−1, making use of the diagonal dominance of DF .

4. We compute the Y -bound using interval arithmetic.

5. We compute the Z-bound in the 3 steps outlined above, using interval
arithmetic:

(a) We calculate Z0 ≥ ‖I −AA
†‖.

(b) We calculate Z1 ≥ ‖A(A† −DF (x̂))‖.

(c) We calculate Z2(r) ≥ sup‖y‖≤1 ‖A(DF (x̂)−DF (x̂ + ry))‖.

6. We compute the radii-polynomial p(r), and attempt to find a r̂ > 0 such that
p(r̂) < 0 is verified using interval arithmetic.

Both Chapters 2 and 3 explicitly go through this procedure in order to obtain a
computer assisted proof. Chapter 4 is presented as a paper detailing the construction
of a numerical technique that can be used to study unstable manifolds of DDEs.
Additionally, the techniques developed in Chapter 4 were explicitly constructed
with computer assisted proofs in mind, a fact we have exploited in our construction
in Section 1.5.

It should be noted that radii-polynomials, in the form we used above, are by
no means the only method of studying the contractivity of Newton-like operators.
Similar techniques based on the Banach fixed point theorem can be found in [101, 3].
Moreover, contractivity arguments are also not the only means of finding rigorous
results from numerical techniques. One of the most prominent alternatives, devel-
oped by the CAPD group, is a method based on combining a rigorous integration
of the flow with topological arguments to obtain solutions [135, 136]. Many of the
computer-assisted tools needed to (re)create these proofs have been combined in
an extensive C++ library [1].

The results obtained in this thesis owe much to a solid foundation of existing
theory, some of which we enumerated at the start of this chapter. Of particular note,
with respect to Chapter 2, are the results from [126]. In this paper, piecewise linear
functions are used as the basis for the radii-polynomial method in order to find
solutions of a second order ODE. This idea is applied in Chapter 2 to find solutions
of a non-autonomous second order ODEs, which has a direct application to the
problem of finding radially symmetric solutions of PDEs. Similarly important, with
respect to the contents of Chapter 3, is the work done in [76], where (real) Fourier
series are used to describe periodic solutions of polynomial DDEs. In Chapter 3,
we build on this work to develop methods for non-polynomial DDEs by means
of complex Fourier series in a way similar to the work done in [81]. The theory
developed in Chapter 4 is based on a construction known as the “parameterisation
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Figure 1.2: Left: an approximate solution of (1.20) calculated using a uniform grid
of m+ 1 = 1001 base-points. Right: the corresponding solution ψ as a function of
|x|.

method” developed in [12, 13, 14]. Over the last decade, this method has been
used numerous times within the context of computer assisted proofs, especially in
the construction of connecting orbits [93, 126, 78]. In Chapter 4, we advance the
state-of-the-art by studying delay differential problems.

Finally, we remark that Chapter 2 of this thesis is adapted from [121]. Likewise,
Chapter 4 is adapted from [41]. Since these chapters were adapted from published
material, they can be read as stand-alone papers. Chapter 3 has also been writ-
ten with a future submission in mind, and is, as such, also self-contained. The
introduction is, in part, adapted from the review article [61].

About Chapter 2

In Chapter 2 we use the radii-polynomials to set up a procedure targeted at finding
radially symmetric localised solutions of stationary PDEs on R

n. As an example
consider the 3-dimensional stationary Schrödinger equation:

∆ψ − ψ + ψ3 = 0. (1.18)

A solution to (1.18) is called radially symmetric if we can write ψ(x) = u(|x|) for
some u : R+ → R, where | . | denotes the Euclidian norm. Such a solution is called
localised if ψ(x)→ 0 exponentially as |x| → ∞.

Using the radially symmetric form of the Laplacian ∆, we can show that
ψ(x) = u(|x|) is a solution if u solves

u′′(r) +
2

r
u′(r) + u(r)− u(r)3 = 0, (1.19)

with r ∈ [0,∞). Using several variable substitutions and applying Green’s theorem,
we can rewrite the ODE above as an integral problem. In particular, it can be
show that if w solves

w(t)−
1

2

1 + t

t2

∫ t

0

s3(1− s)3

log(s)2
w(s)3ds−

1

2

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log(s)2
w(s)3ds = 0,

(1.20)
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with t ∈ [0, 1], then ψ(x) = 1
|x|e

−|x|(1 − e−|x|)w(e−|x|) is a radially symmetric

localised solution of (1.18). Clearly, the above equation is of the form F (w) = 0,
where F : C[0, 1]→ C[0, 1]. It is to this function that we apply the radii-polynomial
method.

In order to do so, we calculate an approximate solution using linear splines,
i.e. continuous piece-wise linear functions, on a uniform grid 0 = t0, . . . , tm = 1.
The result of this computation can be found in Figure 1.2. Note that we can write
every function w ∈ C[0, 1] uniquely as w = wm + w∞, where wm is a linear spline
and where w∞(tk) = 0 for k = 0, . . . ,m. Hence, if the grid is fine enough, then
‖w∞‖ will be small. This allows us to construct the approximate derivative A†

and the approximate inverse A by

A† : (wm + w∞) 7→ A†
mwm + w∞

A : (wm + w∞) 7→ Amwm + w∞,

where A†
n and An are linear maps on the (m+1)-dimensional space of linear splines

in t0, . . . , tm, and where AmA
†
m ≈ Id. In other words, we assume that the spline

part of the function captures all the relevant behaviour of F . Hence in the linear
approximation, the map F only acts non-trivially on the spline-part of any function,
while leaving the “tail”, i.e. w∞, unaffected.

In Chapter 2 we work out the radii polynomial method using the choices
motivated above. However, we apply this procedure to a slightly different equation
than (1.19), namely to the ODE

u′′(s) +
1

s
u′(s)−

1

4s2
u(s)− u(s) + u(s)3 = 0. (1.21)

This particular ODE is part of a family of equations that are frequently considered
in the study of pattern formations [111]. The study of solutions of (1.21) has a
direct application in the context of radially symmetric PDEs, namely in proving
the existence of a “spot” solution of the of the famous Swift-Hohenberg equation,
see Section 2.1.

About Chapter 3

In chapter 3 we use the radii-polynomial method to construct a procedure that
allows us to prove the existence of periodic solutions of DDEs with non-polynomial
nonlinearities. In particular, we apply this procedure to the problem of finding
periodic solutions of the (possibly chaotic) Mackey-Glass equation

y′(t) = −βy(t) + α
y(t− τ)

1 + y(t− τ)ρ
. (1.22)

See also Figure 1.3 for some examples of verified solutions.
The basic idea, which is just as applicable to ODEs, is that we can construct

periodic solutions using Fourier series. That is, a periodic solution y : R→ R of a
DDE

y′(t) = f(y(t), y(t− τ)), (1.23)
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Figure 1.3: An example of two numerical approximations of periodic solutions of
(1.22) whose existence we will prove in Chapter 3. The orbits are visualised by
plotting u(t) vs. u(t − τ). These solutions correspond to the parameter values
β = 1, α = 2, τ = 2 and ρ = 9.65. It is conjecture that for these parameter values
(1.22) behaves chaotically.

can be written as a Fourier series y(t) =
∑
k cke

ikϑt, where 2π/ϑ is the period.
Using this, we see that the left hand side becomes y′(t) =

∑
k ikϑcke

ikϑt. If we
can identify the Fourier-coefficients of f(y(t), y(t − τ)), in terms of the Fourier-
coefficients ck, we can rewrite the differential equation as a sequence space problem
by isolating the Fourier -coefficients:

ikϑck = f̂(ϑ, . . . , c−1, c0, c1, . . .)k, (1.24)

where f̂ maps the Fourier coefficients of y(t) to those of f(y(t), y(t− τ)). The goal
now is to find ck and the period 2π/ϑ such that (1.24) is satisfied.

If f is polynomial, then we can explicitly construct the function f̂ : namely, the
function f̂ will consist of finitely many convolution products. Furthermore, it can
be shown that the coefficients f̂(ϑ, . . . , c−1, c0, c1, . . .)k decay at a similar rate as
ck. With this in mind, it follows that if we write c = (. . . , c−1, c0, c1, . . .), then for
polynomial f , (1.24) provides us with an ideal candidate for F (ϑ, c) = 0, namely

F (ϑ, c)k
def
= ikϑck − f̂(ϑ, c)k.

Not only do solutions of F (ϑ, c) = 0 correspond to periodic solutions of (1.23), but
this F also exhibits the diagonal dominance needed to construct the approximate
inverse: if f̂ decays at least as quickly as ck, it follows that the dominant component
will be ikϑck. Unfortunately, solutions of F (c) = 0 are not locally unique. After all,
if y(t) is a periodic solution, then so is y(t+ ǫ). Hence we likewise cannot expect
to find a unique solution of F (c) = 0. If, however, we add a phase condition like
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y(0) = 0, then solutions are unique. In terms of Fourier coefficients we have that
y(0) =

∑
k ck, so we add the extra equation

H(c)
def
=
∑

k

ck = 0. (1.25)

In summary, we are now looking for solutions G(ϑ, c) = 0, where G = (H,F ).
Many other works have applied these ideas to the problem of finding periodic

solutions of polynomial ODEs and DDEs, see also [125, 79] and references therein.
However, while the above may hold for polynomial f , Chapter 3 is dedicated to
non-polynomial problems, like (1.22).

The main challenge is that for non-polynomial f , we usually cannot give an
explicit description of the Fourier-coefficients of f(y(t), f(y(t − τ)). However,
many non-polynomial functions are themselves solutions of polynomial differential
equations. i.e. while ey(t) may be non-polynomial in y(t), it is the solution of
x′(t) = x(t)y(t), which is polynomial. Hence the central idea behind this chapter
is that we substitute a new variable for the non-polynomial nonlinearity, and
append a new, polynomial, equation. In this way, we can essentially “polynomialise”
non-polynomial DDEs by replacing the non-polynomial problem with a system of
polynomial equations.

While the above construction may seem straightforward, one has to take
considerable care in choosing the right boundary conditions to ensure that the
polynomialised system really revolves the solutions of the original DDE. These
boundary conditions, which resemble the one given in (1.25), also motivate a novel
way of constructing the approximate inverse.

Finally, the dependence on the delay itself also imposes its own functional
analytic subtleties in attempting to compute the Y and Z-bounds. We implement
this method to prove the (co)-existence of periodic orbits of the Mackey-Glass
equation (1.22) for two sets of parameter values, including some solutions in the
(hypothesised) chaotic regime.

About Chapter 4

In Chapter 4, we will study the unstable manifold of equilibria and periodic solutions
of delay equations. The unstable manifold of an equilibrium u(t) = c, also denoted
Wu(c), of a DDE can be seen as the set of all solutions u such that

lim
t→−∞

u(t) = c.

In other words, we can view the unstable manifold as the family of all solutions
“originating” in the equilibrium c. A 1-dimensional example of such a manifold can
be found in Figure 1.4.

As we have outlined in Section 1.1, the unstable solutions of the linearised
problem are given by solutions of the form eλt, where λ satisfies the characteristic
equation. Since the characteristic equation has only finitely many, let us say
n, solutions with Re(λ) > 0, it can be shown that the unstable manifold is n-
dimensional.
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Figure 1.4: A rendering of the 1-dimensional unstable manifold (red) whose
existence we proved in Section 1.5, together with a long orbit (green) numerically
computed from random initial values to illustrate the behaviour of the attractor.
The dot in the centre represents the origin. These sets were plotted using 3-
dimensional delay embedding coordinates, which allow us to visualise subsets of
function spaces (compare also with Figure 1.3). In this particular example, we
do this by mapping a function u : R→ R to (u(−τ), u(−τ/2), u(0)) ∈ R

3, where
τ = 1.595 is the delay of the DDE.

Let us now denote the n-dimensional unit-ball in R
n by D

n. Our main goal in
Chapter 4 is to construct a parameterisation P : Dn →Wu(c) such that P (0) = c
and such that every σ ∈ D

n and t ∈ (−∞, 0],

t 7→ P (σ1e
λ1t, . . . , σne

λnt) (1.26)

is a solution of the DDE. This map then, not only locally describes the unstable
manifold, but by (1.26), also provides insight in the dynamics thereon.

We obtain this map P by rewriting the DDE as an ODE on an appropriate
Banach space. This allows us to extend the parameterization method for ODEs
[12] in order to obtain an a inductive description of the Taylor-coefficients of P ,
similar to (1.15). An analogous construction can be done for the unstable manifold
of a periodic solution, by means of Floquet theory.

The resulting Taylor coefficients can be used to give an accurate numerical
description of P , by computing these up to any desired order. In order to demon-
strate the effectiveness of this approach, we numerically implement this method
for some 1,2,3 and 4 dimensional unstable manifolds in problems with constant,
and state-dependent delays.

Furthermore, this construction allows us to set up a F (x) = 0 problem that
could be readily used in a computer assisted proof, similar to the 1-dimensional
example in Section 1.5. However, the construction of the computer assisted proofs
in higher dimensional cases is left as a possible topic for future work.
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Future work

Each chapter of this thesis paves the way for some relevant future developments.
For instance, with regards to Chapter 2, it can be observed numerically that
(1.19) has many more solutions, indexed by the amount of times u transverse zero.
While the methods in Chapter 2 allow us to compute the “ground state” solution,
i.e. where u > 0 everywhere, these methods fail to produce any other solutions.
Similarly, in Chapter 3, we are able to compute two coexistent solutions of 1.22
from a numerically calculated stable third solution with a long period. But, while
the methods from Chapter 3 allow us to verify the existence of the two shorter
solutions, they fail to verify the existence of the long third solution.

In both these cases, it is in all likelihood not the case that these other, numeri-
cally observed, solutions do not exist, but rather that the estimates produced in
order to apply the radii-polynomial method are too rough. Hence, one worthwhile
avenue for future development would be to sharpen the bounds used in Chapters 2
and 3 in order to verify the existence of these other numerically observed solutions.

The work in Chapter 4 differs with respect to the other chapters in that the
goal was to provide a basis for a method that would allow for existence proofs
of connecting orbits in a vein similar to [30]. In order to obtain such a results,
two other developments are necessary. First, we need to develop methods for the
rigorous integration of DDEs, possibly using methods related to [75, 128]. Secondly,
we need to develop a method to construct and verify the infinite dimensional
stable manifold of a DDE, which is a problem entirely different from the unstable
manifold.

Finally, it is worth remarking that the theory in Chapters 3 and 4 was mainly
developed with DDEs with constant delay in mind. However, as we have briefly
explored in Chapter 4, and with recent results from [52, 53] in mind, these techniques
could quite likely be extended to DDEs with state-dependent delay as well.
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Chapter 2

Rigorous computation of a

radially symmetric localised

solution in a

Ginzburg-Landau problem

Introduction

Computer-assisted proofs in dynamical systems have a long tradition, going back
to the proof of universality of the Feigenbaum constant [74]. Confirming the
existence of the chaotic attractor in the Lorenz system [118] is another, more recent,
pinnacle of this approach. The past decade has seen structural advances in the
techniques for the rigorous computer-aided study of systems of ordinary differential
equations (ODEs), see e.g. [3, 1, 57] (and the references therein), as well as the
survey paper [2]. Nevertheless, relatively little attention has gone to the study
of solutions on unbounded domains for non-autonomous ODEs. Such problems,
for example, appear naturally when considering radially symmetric solutions of
partial differential equations (PDEs). In this chapter we develop a technique that
combines analytical estimates and numerical computations to provide a rigorous
existence result for the non-autonomous problem

A′′(s) +
1

s
A′(s)−

1

4s2
A(s)−A(s) +A(s)3 = 0, for s ∈ (0,∞), (2.1)

with A(0) = 0 and lims→∞A(s) = 0. The present work answers the open question
raised in [89]. The equation is of Ginzburg-Landau type, a family of problems that
is ubiquitous in the study of pattern formation, see e.g. [111] and the references
therein.

Before discussing the origin of equation (2.1) in detail, we remark that it fits
into a larger class of problems stemming from PDEs posed on the entire space.

35
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The problem of proving the existence of stationary radially symmetric solutions of
PDEs on the entire space remains a challenge, despite numerous advances both in
analytic and numerical techniques. In particular, a gap remains between what is
feasible in the realm of rigorous proofs using purely analytic methods on the one
hand, and what is observed in numerical simulations of complex pattern forming
systems on the other. The novel computer-assisted method developed in this
chapter contributes to filling this gap. While we apply the method to (2.1), it can
be used more generally to obtain existence results for radially symmetric solutions
to PDEs on the entire space. As an example, consider the 3-dimensional stationary
Schrödinger equation ∆ψ − ψ + ψ3 = 0. When one looks for radially symmetric
solutions, the problem reduces to

u′′ +
2

r
u′ − u+ u3 = 0, (2.2)

with r ∈ (0,∞) and ψ(x) = u(|x|). As we shall see in Remark 2.2.1, equation (2.2)
can be rewritten in a way that closely resembles (2.1). As a consequence, our
methods are applicable to equation (2.2) as well. We note that (2.2) has already
been studied intensively (see e.g. [51] for an overview). In particular, a positive
“ground state” solution was proven to exist [97], as well as a countable family of sign
changing solutions [107]. Instead of using our method to (re)prove the existence
of the ground state solution of (2.2), we shall apply our techniques to the yet
unsolved, but similar, problem given by (2.1).

The main motivation for studying equation (2.1) comes from another stationary
radially symmetric PDE problem, presented in [89]. In this paper, McCalla and
Sandstede consider the planar Swift-Hohenberg equation

ut = −(1 + ∆)2u− µu+ νu2 − u3. (2.3)

This equation was first considered by Swift and Hohenberg in the context of thermal
convection [114]. The dependent variable u, which depends on time and space,
is an order parameter for the fluid velocity, while the parameter µ encodes how
far the temperature of the system is from the threshold temperature at which
convection occurs. The parameter ν breaks the symmetry of the system, which
allows the appearance of an even larger variety of patterns. Since its derivation in
the 1970’s, this equation has served as a model for pattern forming processes.

In [89], McCalla and Sandstede specifically study the existence of spots of
the Swift-Hohenberg equations: radially symmetric localised stationary solutions
which “concentrate” near the origin. The existence of such spots was first observed
numerically in [73, 88] and it was already proven in [84] that one such spot exists
for every ν > 0 and every sufficiently small 0 < µ≪ 1. The amplitude of this spot
scales as µ1/2 as µ tends to zero. In [89], the authors provide a construction for a
second spot whenever ν >

√
27/38 and 0 < µ≪ 1, of which the amplitude scales

as µ3/8.

We will now explain how (2.1) comes up in the analysis of the existence of
the second spot for the Swift-Hohenberg equation (2.3). Restricting to radially
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Far Region

μ

Old Spot

New Spot

Figure 2.1: A simplified version of Figure 2 from [89], representing schematically
the dynamics of the five-dimensional system (2.4). The red line represents the
desired (new) spot, the blue line represents the original spot and the dotted line
represents the solution to (2.1). The equilibria in the far field depend on the
parameter µ.
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symmetric stationary solutions, equation (2.3) becomes

0 = −

(
1 + ∂2r +

1

r
∂r

)2

u− µu+ νu2 − u3.

The next step is rewriting this ODE as a five-dimensional first order autonomous
system:

d

dr




u1
u2
u3
u4
α




=




u3
u4

−u1 − αu3 + u2
−u2 − αu4 − µu1 + νu21 − u

3
1

−α2



. (2.4)

Spots are described by a connecting orbit between the two-dimensional manifold
of small solutions that stay bounded as r → 0 (the “core” solutions) and the two-
dimensional manifold of solutions that decay as r →∞ (the “far” solutions). In the
(singular) limit µ→ 0, the construction of the second spot requires a connecting
orbit that is described by a reduced equation, namely (2.1). In particular, equation
(2.1) is derived by changing to complex coordinates, considering the singular limit
µ→ 0 and one further change of coordinates. The details of these transformations
can be found in [84]. The resulting (complex) second-order ODE is then given by

A′′(s) +
1

s
A′(s)−

1

4s2
A(s)−A(s) = c|A(s)|2A(s)3, (2.5)

where c = 3
4 −

19
18ν

2 and c < 0 exactly when ν >
√

27/38. A localised solution
to this equation provides us, through the asymptotic analysis in [84], with a
corresponding connecting orbit of the five-dimensional system (2.4) for small µ, as
illustrated in Figure 2.1. Equation (2.1) is obtained from (2.5) by scaling out the
constant c and by restricting to real solutions.

Since the new (second) spot is basically obtained by perturbing localised
solutions of (2.1), two facts need to be checked to complete a rigorous proof of its
existence. First, it needs to be shown that a localised solution A to (2.1) indeed
exists. Second, this solution needs to be non-degenerate (hence “robust” under
perturbations in µ) in the sense that the only bounded solution of the linearisation
of (2.1) around A is the trivial solution.

These two requirements are not trivial and the authors of [89] point out the
fallacy in an earlier proof. Because of this, McCalla and Sandstede present the
existence, as well as the assumption on the linearisation, as a hypothesis. This
hypothesis, which we will state in the form of a theorem that we prove in this
chapter, states the following.

Theorem 2.1.1. The ODE

A′′(s) +
1

s
A′(s)−

1

4s2
A(s)−A(s) = −A(s)3 (2.6)

has a bounded non-trivial localised solution on [0,∞) with the property that the
linearisation of (2.6) around this solution does not have a non-trivial uniformly
bounded solution. In addition, the constructed solution is positive on (0,∞) and
decays as e−s as s→∞.
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Our proof is computer-aided and based on the functional analytic setting and
associated techniques developed in [126, 133]. There is by now a substantial
literature on this approach, see [57, 127] and the references therein. It should be
noted that although we are using these techniques to construct a connecting orbit
between equilibria of (2.4) that arise in the singular limit µ → 0 (referred to as
P+ and Q− in [89]), the techniques from [126] are not directly applicable in this
situation, since these equilibria are non-hyperbolic. We point out that there is a
complementary computer-assisted method based on careful rigorous integration of
the ODE (e.g. using the CAPD software package [1]), which may also be employed
to construct a proof of the theorem. It is largely a matter of taste which of these
computer-assisted techniques is preferable. The proof presented in this chapter
is “elementary” in the sense that we analytically derive a set of inequalities that
need to be checked by a computer-aided computation. This latter step requires
no special software except the interval arithmetic package Intlab [106] for Matlab.
The files containing the numerical approximation of the solutions, as well as the
code for checking the final step of the proof of Theorem 2.1.1 can be found in [123].

Remark 2.1.2. Beside the computer-aided techniques discussed above, the exis-
tence of the positive solution in Theorem 2.1.1 also follows from the variational
analysis in [107]. In fact, the results in [107] imply that (2.6) has an infinite family
of solutions {Aj}

∞
j=0, where j denotes the numbers of zeros of Aj on [0,∞). In par-

ticular, the transformation A(s) = s−1/2u(s), see Section 2.2, turns equation (2.6)
into a form covered by the analysis in [107]. This observation seems not to have
been made previously, and we perceived it, as well as the associated analogy with
the Schrödinger equation (2.2), only after finishing our proof of (2.6). We point
out that the computer-assisted approach to the proof of Theorem 2.1.1 presented
in the current chapter, in contrast to the method in [107], provides the information
about the linearisation (transversality), which is essential for applying the result to
the construction of spots for the Swift-Hohenberg equation (2.3) in [89].

We shall start, in Section 2.2, by rewriting the problem (2.6), which is posed
on an unbounded domain, in terms of an equivalent integral formulation on the
bounded interval [0, 1]. This is obviously advantageous from a computational point
of view, and in Section 2.3 we discuss the discretization that leads to a numerically
obtained approximate solution. In Section 2.4 we construct the fixed point map T
that critically involves information obtained from our numerical approximation.
By the Banach fixed-point theorem, it then suffices to show that this map is a
contraction, which requires analytic estimates on the derivative of T . In Section
2.5 we prove that our technique “automatically” guarantees that the linearised
equation mentioned in Theorem 2.1.1 has no non-trivial bounded solutions. In
Section 2.6 we show how to evaluate certain logarithmic integrals that come up in
our formulation using interval arithmetic. This evaluation is then used in Sections
2.7 and 2.8, where we derive all the necessary analytic estimates needed to show
that T is a contraction. To evaluate these estimates explicitly we need the aid of a
computer, and in Section 2.9 it is outlined how this then indeed leads to a proof
of Theorem 2.1.1. We finish the chapter by a short discussion of restrictions and
generalizations of the computer-assisted method.
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Construction of the integral equation

Our main goal in this section is to rewrite (2.6), which is posed on the half-line, as
an integral equation on a finite interval, to which we can then apply a fixed point
argument in order to prove the existence of a solution. We shall first rescale A to
arrive at a simpler equation. By then making the substitution t = e−s, we arrive
at an ODE on the interval (0, 1). Finally, we use one additional rescaling and a
Green’s function method to obtain an integral equation on the interval [0, 1] with
“free” boundary conditions, i.e., posed on C[0, 1] without any additional boundary
conditions.

The first transformation of (2.6) was already observed in [89] and is obtained
by writing u(s) = s1/2A(s), leading to

u′′(s) = u(s)−
1

s
u(s)3. (2.7)

Remark 2.2.1. It is worth noting that this equation is very similar to (2.2) in the
sense that by substituting u(s) = f(s)/s in (2.2) we arrive at f ′′(s) = f(s)− 1

s2 f(s)3,
which differs from (2.7) by a power of s in the nonlinearity only. Because of this
similarity, our proof of the existence of solutions of (2.6) can, with minor alterations
to the code, be adapted to also show the existence of a radially symmetric localised
solution to (2.2).

Turning our attention back to (2.7), we define v on (0, 1] by v(e−s) = u(s),
which satisfies

t2v′′(t) + tv′(t)− v(t) =
v(t)3

log t
, (2.8)

where t ∈ (0, 1). Since we want u (and A) to be localised, we need to supplement
equation (2.8) with the boundary conditions v(0) = 0 and v(1) = 0 (the latter
follows directly from the singularity in the equation at t = 1). But we can say
a little more. We expect that as s→∞, equation (2.7) reduces to u′′(s) = u(s),
hence we anticipate u to scale as e−s. Furthermore, asymptotically balancing terms
in equation (2.7) suggests that bounded solutions behave linearly as s → 0. In
terms of v we thus expect the solution to be linear at both boundaries t = 0 and
t = 1. Because of this, we write v(t) = t(1− t)w(t), for some bounded function w
on [0, 1], which satisfies

d

dt

(
(1− t)2t3

dw

dt
(t)

)
− 3(1− t)t2w(t) =

(1− t)4t3w(t)3

log t
. (2.9)

The main advantage of this formulation is that we no longer need to specify any
boundary conditions.

The homogeneous equation, obtained by setting the right hand side of (2.9)
to zero, has solutions 1

1−t and 1+t
2t2 (these are just the solutions e−s and es − e−s

of the linear part of (2.7) transformed to the (t, w) variables). This allows us to
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calculate the corresponding Green’s function and we arrive at the integral equation

w(t) =−
1

2

1 + t

t2

∫ t

0

s3(1− s)3

log s
w(s)3ds

−
1

2

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
w(s)3ds.

(2.10)

Note that it follows from a direct estimate that, for every w ∈ C[0, 1],

lim
t→0

1 + t

t2

∫ t

0

s3(1− s)3

log s
w(s)3ds = 0, (2.11a)

lim
t→1

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
w(s)3ds = 0. (2.11b)

Hence, the right-hand side of (2.10) indeed defines an element of C[0, 1].
By going back through the transformations, we conclude that if w(t) is a

bounded solution of (2.10), then

A(s) = s−1/2(1− e−s)e−sw(e−s) (2.12)

is a bounded localised solution of (2.6). In conclusion, we see that in order to
show that there exists a non-trivial bounded solution of (2.6), it suffices to find a
non-trivial bounded solution of (2.10). This is formalised in the following lemma.

Lemma 2.2.2. Define the map G : C[0, 1]→ C[0, 1] by

G(w) : t 7→ w(t) +
1

2

1 + t

t2

∫ t

0

s3(1− s)3

log s
w(s)3ds

+
1

2

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
w(s)3ds.

(2.13)

If there exists a w ∈ C[0, 1] such that G(w) = 0, then this corresponds via (2.12)
to a localised solution A of (2.6). If w is positive, then so is A (with A(0) = 0).

Finite dimensional approximation

The problem of finding bounded solutions to (2.6) is now reduced to finding zeroes of
the map G defined in (2.13). In the remainder of this chapter, we prove the existence
of this zero by first using numerical methods to construct an approximation of this
solution, and then showing the existence of a continuous (hence smooth) solution
close to this approximation by means of a fixed point argument.

In order to obtain a numerical approximation, we split the map G into a finite
dimensional part, which we can use to find a numerical approximate solution,
and the corresponding infinite dimensional remainder, which we need to control
analytically. We start by defining the mesh

∆m
def
= {0 = t0 < t1 < . . . < tm = 1},
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where 0 = t0 < . . . < tm = 1. As we shall remark upon in Section 2.9, we
choose a uniform mesh in the proof of Theorem 2.1.1. Nevertheless, we consider
a general mesh throughout, since the estimates do not simplify significantly for
the special case of a uniform mesh. Using this mesh, we define Sm ⊂ C[0, 1] as
the space of linear splines (continuous piecewise linear functions) with base-points
in ∆m. Note that we will trivially identify Sm and R

m+1. We define a projection
Πm : C[0, 1]→ Sm, by

Πm : w 7→ Πmw = (w(t0), . . . , w(tm)) ∈ R
m+1 ≃ Sm,

and its complementary projection Π∞
def
= I −Πm.

For w ∈ C[0, 1] we denote Πmw by wm. Since Πm is a projection, we can
decompose C[0, 1] as

C[0, 1] = ΠmC[0, 1]⊕Π∞C[0, 1] = Sm ⊕ S∞,

where S∞
def
= (1−Πm)C[0, 1]. It can easily be seen that the spaces Sm, S∞ ⊆ C[0, 1]

are closed with respect to the usual supremum norm on C[0, 1] and are therefore
Banach spaces. Using this notation, we define a family of closed neighbourhoods
of 0 by setting

Bω(r)
def
= {w ∈ C[0, 1] : ‖Πmw‖∞ ≤ r and ‖Π∞w‖∞ ≤ ωr}.

In this definition, ω > 0 is a control parameter that we can alter to adapt the
radius of the “tail”. In the following, we will assume that ω > 0 is a fixed constant
(to be chosen later) and treat r as a variable parameter.

Using the above finite-dimensional reduction, we define a map Gm : Sm →
Sm ≃ R

m+1 by Gm : w 7→ (ΠmG)(wm). Explicitly, the k-th component of Gm(w)
is given by

Gm(w)k = w(tk) +
1

2

1 + tk
t2k

∫ tk

0

s3(1− s)3

log s
w(s)3ds

+
1

2

1

1− tk

∫ 1

tk

s(1 + s)(1− s)4

log s
w(s)3ds.

Note that by the limits in (2.11), the terms for k = 0,m are also well defined.

By first using standard ODE shooting methods, we find a numerical approximate
solution to (2.8). We then change variables and apply Newton iterations to Gm in
order to refine this result, giving us an approximate zero ŵm. It is close to this
approximate solution that we will find our rigorous solution to G(w) = 0.

Remark 2.3.1. As it turns out, ŵm is positive. This leads to the positivity result
in Theorem 2.1.1, see Lemma 2.4.3. Moreover, we will use this fact to slightly
simplify the estimates in what follows, but this is not at all a restriction on the
method.
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Radii polynomials

Using our approximate zero ŵm, we shall construct a new map T whose fixed
points coincide with zeros of G. We then prove the existence of a fixed point of T ,
and therefore a zero of G, by means of a contraction argument.

Since we obtained ŵm by means of a Newton method, we expect the correspond-
ing Newton map to be contracting near ŵm, hence we shall base the construction
of T on this map. Since the Newton map requires an inverse of the derivative, we
calculate numerically an approximate inverse Am of the Jacobian DGm(ŵm) of
Gm at ŵm.

Using the approximate zero ŵm and the approximate inverse Am, we define the
map T : C[0, 1]→ C[0, 1] by (see also [126, 133])

T (w)
def
= (Πm −AmΠmG)(w) + Π∞(w −G(w)). (2.14)

Note that the first term of T is indeed similar to a Newton map for Gm, while in
the second term we have basically approximated the linearization in the “tail” of
G by the identity (since it turns out the tail parts of integral terms in (2.13) are
relatively small).

Our aim is to find a closed neighbourhood ŵm + Bω(r) of ŵm on which the
map T is a contraction, implying that T has a unique fixed point in ŵm +Bω(r).
Furthermore, if T is a contraction, then we must have ‖DT (w)‖ < 1 on ŵm+Bω(r),
hence I −DT (w) is invertible for each w in this neighbourhood. Since

I −DT (w) = AmΠmDG(w) + Π∞DG(w),

the operator I − DT (w) can only be injective if Am is injective, implying that
T (w) = w if and only if G(w) = 0 (this is easily derived from (2.14)). This
means that if T is a contraction, then T has a unique fixed point in ŵm +Bω(r)
corresponding to a zero of G.

The most important step in constructing estimates on the balls ŵm +Bω(r),
r > 0, is defining a finite set of polynomials, called the radii polynomials [124, 57].
In order to construct these polynomials, we need bounds Y0, . . . , Ym and Y∞, and
polynomials Z0, . . . , Zm and Z∞ such that the following hold:

| (Πm(T (ŵm)− ŵm))k | ≤ Yk, for k = 0, . . . ,m (2.15a)

‖Π∞(T (ŵm)− ŵm)‖∞ ≤ Y∞ (2.15b)

sup
w1,w2∈Bω(r)

| (ΠmDT (ŵm + w1)w2)k | ≤ Zk(r), for k = 0, . . . ,m (2.15c)

sup
w1,w2∈Bω(r)

‖Π∞DT (ŵm + w1)w2‖∞ ≤ Z∞(r). (2.15d)

Expressions for these bounds will be derived explicitly in Sections 2.7 and 2.8.
Based on the bounds above we define the radii polynomials as follows.

Definition 2.4.1. Let Yk, Y∞, Zk(r), and Z∞(r) be as in (2.15), then we define
the radii polynomials by

pk(r)
def
= Yk + Zk(r)− r, k = 0, . . . ,m

p∞(r)
def
= Y∞ + Z∞(r)− ωr.
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Note that the ω used in this definition is the same “fixed” ω that we use
in Bω(r). The radii polynomials are a crucial tool in our contraction argument.
Indeed, the above definitions and considerations lead to the following existence
and uniqueness theorem (details of the proof can be found in [38, 28]), which is
based on [133].

Theorem 2.4.2. Let r > 0 be such that pk(r) < 0 for all 0 ≤ k ≤ m and
p∞(r) < 0. Then the map T is a contraction on ŵm +Bω(r). Consequently, G has
a unique zero inside ŵm +Bω(r).

For the radii polynomials to all be negative for some r > 0, we need our
Y -bounds and Z-bounds to be suitably small. The parameter ω allows us to shift
the intervals on which our polynomials are negative, with the purpose of finding
an interval on which all of them are negative. In order for our computations to be
rigorous, we use interval arithmetic both to evaluate Y -bounds and Z-bounds, and
to check that the radii-polynomials are negative..

To prove the final assertion in Theorem 2.1.1 we need a little bit more than the
fact that ŵm > 0 (see Remark 2.3.1).

Lemma 2.4.3. Assume that the assumptions of Theorem 2.4.2 are satisfied. Sup-
pose that min ŵm > r(1 + ω). Then the zero w of G found in Theorem 2.4.2
is strictly positive on [0, 1], and the corresponding solution A of (2.6) is strictly
positive on (0,∞).

Proof. Since w − ŵm ∈ Bω(r), we obtain, for all t ∈ [0, 1],

w(t) ≥ w(t)− |w(t)− ŵm(t)| ≥ min ŵm − ‖w − ŵm‖∞ ≥ min ŵm − r(1 + ω) > 0.

The positivity of A then follows from Lemma 2.2.2.

The linearised equation

The previous sections outline the framework in which we will prove the existence
of a solution A to (2.6). We also need to prove the second part of Theorem 2.1.1,
namely that the linearisation of (2.6) around A does not have any non-trivial
bounded solutions. Fortunately, this follows almost directly from our proof of the
existence of A. Roughly, the reason is that a contraction method can only have
a successful outcome for non-degenerate (“transversal”) problems. We give the
details of the argument below.

Our starting point is a solution w ∈ C[0, 1] of G(w) = 0, from which we obtain
A through (2.12). The linearised version of (2.6) is

Ã′′(s) = −
1

s
Ã′(s) +

(
1

4s2
+ 1− 3A(s)2

)
Ã(s), (2.16)

and the linearisation of (2.10) is given by

w̃(t) =−
1

2

1 + t

t2

∫ t

0

s3(1− s)3

log s
3w(s)2w̃(s)ds

−
1

2

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
3w(s)2w̃(s)ds.

(2.17)
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Since the transformation described in (2.12) is linear, Ã and w̃ also satisfy

Ã(s) = s−1/2(1− e−s)e−sw̃(e−s). (2.18)

We now wish to prove that (2.16) does not have any non-trivial bounded solutions.
We argue by contradiction. Hence we assume that a non-trivial bounded solution
to (2.16) does exist. Furthermore, suppose that we have proven the first part of
Theorem 2.1.1 using Theorem 2.4.2, i.e., by showing the existence of an r > 0 such
that all radii polynomials are negative.

We proceed by showing that the assumption that (2.16) has a non-trivial
bounded solution implies that (2.17) also has a non-trivial bounded solution. Since
the factor s1/2es/(1− e−s) in (2.18) is not bounded on (0,∞), this requires some
work, in particular in the limits s→ 0 and s→∞.

Lemma 2.5.1. Suppose that there exists a bounded non-trivial solution to (2.16),
then there exists a bounded non-trivial solution to (2.17).

Proof. Let Ã(s) be a bounded solution to (2.16), then the function ũ(s) = s1/2Ã(s)
satisfies |ũ(s)| ≤ Cs1/2 for some C > 0 and all s ∈ [0,∞). Furthermore, ũ solves
the linearisation of (2.7), given by

ũ′′(s) = ũ(s)

(
1−

3u2

s

)
, (2.19)

where u(s) = s1/2A(s) = (1 − e−s)e−sw(e−s). Since w is bounded, we see that
|u(s)| ≤ ĉe−s for some ĉ > 0 and all s, and |u(s)| ≤ c0s for some c0 > 0 and all
sufficiently small s.

Using the function ũ, we define w̃ by w̃(e−s) = ũ(s) es/(1− e−s), which solves
(2.17). It remains to show that w̃ is bounded, i.e., we need to show that, first, ũ
decays as e−s, and second, ũ is linear near s = 0. The former follows from an
exponential dichotomy. Indeed, since |ũ(s)| ≤ Cs1/2, it follows from Lemma 2.A.2
in the Appendix that esũ(s) is bounded as s→∞.

Finally, we need to show that |ũ(s)| ≤ c1s for some c1 > 0 and all sufficiently
small s. From (2.19) we observe that ũ′′(s) is uniformly bounded for sufficiently
small s, since ũ is bounded and |u(s)| ≤ c0s. Hence, u′(0) is well defined (bounded).
Since ũ(0) = 0, it follows that ũ(s)/s is uniformly bounded for sufficiently small
s.

Using the previous lemma, we now give the proof of the second assertion of
Theorem 2.1.1.

Lemma 2.5.2. Let r > 0 be such that all radii polynomials are negative, and let
w be the unique zero of G in the ball ŵm +Bω(r) obtained in Theorem 2.4.2. Let
A(s) = s−1/2(1− e−s)e−sw(e−s). Then any bounded solution to (2.16) is trivial.

Proof. We argue by contradiction. Suppose that a non-trivial bounded solution to
(2.16) exists, then by the Lemma 2.5.1 there exists a non-trivial bounded solution
w̃ to (2.17). Any bounded solution to (2.17) satisfies DG(w)w̃ = 0, where DG
denotes the Fréchet derivative of the map G defined in (2.13). Since all radii
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polynomials are negative, the map T is a contraction on ŵm +Bω(r). In particular,
since w ∈ ŵm +Bω(r), we have that ‖DT (w)‖ < 1, which implies that I −DT (w)
is invertible. Now note that

I −DT (w) = AmΠmDG(w) + Π∞DG(w).

This means that if DG(w)w̃ = 0, then also (I −DT (w))w̃ = 0. Since I −DT (w)
is invertible, its kernel is trivial, hence w̃ = 0. This contradicts that w̃ is non-
trivial.

Interval arithmetic evaluation of logarithmic inte-

grals

This section deals with the central technical aspect of our estimates. In particular,
we introduce the notation for “evaluating” certain integrals in an interval arithmetic
sense. Indeed, a crucial part of our estimates consists of estimating terms of the

form
∫ b
a

p(s)
log(s)ds for polynomials p and 0 ≤ a < b ≤ 1. Since ŵm is piecewise linear,

it is immediate that evaluating Gm can be reduced to calculating such integrals.
Furthermore, most of our estimates involve Gm and its derivatives in some way
and hence also contain these types of integrals, see e.g. Lemmas 2.7.2, 2.8.1 and
2.8.2. In order to make our estimates sufficiently sharp, it will be crucial that these
terms can be evaluated with high precision, especially in the context of interval
arithmetic.

These “logarithmic integrals” can be easily decomposed as linear combinations

of
∫ b
a

sn

log sds, for n ≥ 0. It suffice to obtain a good estimate for such “monomial”

terms, unless b = 1, in which case we will have to be more careful, see (2.24).
First we note that these integrals can be written in two distinct ways, namely

∫ t

0

sn

log s
ds = Ei(log tn+1), (2.20a)

∫ t

0

sn

log s
ds = −Γ(0,− log tn+1). (2.20b)

Here Ei denotes the exponential integral function, while Γ denotes the incomplete
gamma function. We need to evaluate the integrals both for t near 0, where (2.20b)
is convenient, and for t near 1, where (2.20a) is convenient.

One well known expansion of the exponential integral is given by

Ei(x) = γ + log |x|+
∞∑

k=1

xk

kk!
, (2.21)

where γ ≈ 0.577216 denotes the Euler-Mascheroni constant. This expansion
converges rapidly for small |x| 6= 0. For t = ex/(n+1) close to 1, truncating the
series thus provides us with a good approximation. Furthermore, since x = log tn+1

is negative for t < 1, this series is alternating, hence the error bounds are simply
given by two consecutive partial sums of the series.
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For t close to 0, the value of log tn+1 is very large, and (2.21) is not suitable.
Instead we use (2.20b). We express the incomplete gamma function by means of a
continued fraction due to Legendre, given by

Γ(0, z) =
e−z

z +
1

1 +
1

z +
2

1 +
2

z +
3

1 +
.. .

(2.22)

It can be shown that this continued fraction indeed converges rapidly for large
values of |z| and that the truncated fractions alternate around the limit, hence the
true value of Γ(0, z) must always lie between consecutive values in the sequence of
truncated expansions [25].

We write f1(z)
def
= e−z/z, f2(z)

def
= e−z/(z + (1/1)) and so on for the partial

continued fractions of (2.22). Then we define Lm1,m2
: [0, 1)→ R by

Lm1,m2(t)
def
=





0 for t = 0,

−fm2
(− log t) for 0 < t < e−1,

γ + log | log t|+
∑m1

k=1
(log t)k

kk! for e−1 ≤ t < 1,

which, for large m1,m2 approximates the logarithmic integral. For simplicity, we
have chosen t = e−1 as the boundary between “small” and “large” values of t in
this definition.

By our previous remarks, the given expansions for Ei and Γ alternate around
their limit, hence we can use this to define bounds L±

m1,m2
: [0, 1)→ R that estimate

the logarithmic integrals:

L−
m1,m2

(t)
def
= min{Lm1,m2

(t), Lm1+1,m2+1(t)},

L+
m1,m2

(t)
def
= max{Lm1,m2

(t), Lm1+1,m2+1(t)}.

These allow us to make the following estimate.

Lemma 2.6.1. Let t ∈ [0, 1), then for all n,m1,m2 ≥ 0 we have

L−
m1,m2

(
tn+1

)
≤

∫ t

0

sn

log s
ds ≤ L+

m1,m2

(
tn+1

)
.

While Lemma 2.6.1 provides us with an estimate for logarithmic integrals
containing monomials, we shall mainly need estimates of logarithmic integrals that
contain polynomial terms. For this reason we introduce for all m1,m2 > 0 and all
polynomial functions p(t) = a0 + . . .+ aN t

N maps L±
m1,m2

[p] : [0, 1)→ R defined
by

L±
m1,m2

[p](t)
def
=

∑

0≤j≤N
aj 6=0

ajL
± sign(aj)
m1,m2

(tj+1). (2.23)
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This map is not well-defined if t = 1. However, for the logarithmic integrals that
we encounter, p(s) always contains a factor (1− s), and it can therefore be written
as p(s) = (1− s)p0(s) for some other polynomial p0(s) = b0 + . . .+ bN−1s

N−1, with
the relation aj = bj− bj−1. Since (1−s)/ log s is bounded on (0, 1), the logarithmic
integrals containing these polynomials will in fact be well-defined for t = 1. This
allows us to extend our definition of L±

m1,m2
[p] by setting

L±
m1,m2

[p](1)
def
=

∫ 1

0

(1− s)p0(s)

log s
ds =

N−1∑

j=0

bj log
1 + j

2 + j
, (2.24)

which thus complements the expression (2.23), which is defined for 0 ≤ t < 1.
These definitions allow us to formulate the following general result.

Corollary 2.6.2. Let p be a polynomial containing a factor (1− s). Then for all
m1,m2 ≥ 1 we have

L−
m1,m2

[p](t2)− L+
m1,m2

[p](t1) ≤

∫ t2

t1

p(s)

log s
ds ≤ L+

m1,m2
[p](t2)− L−

m1,m2
[p](t1)

for all 0 ≤ t1 < t2 ≤ 1.

These estimates give high accuracy rigorous enclosures of the logarithmic
integrals, which can be established through the use of interval arithmetic. It is
worth noting that in practice we use L±

30,260, which, for the mesh that we choose,

yields an accuracy of the same order of magnitude as machine precision (ǫ ≃ 10−16).
In our constructions of the Y -bounds and Z-bounds, we shall repeatedly make

use of the estimate provided in Corollary 2.6.2. As the notation for this evaluation
quickly becomes cumbersome, we shall only present the details for the function

f(t) =
1

tl

∫ t

0

s3(1− s)3

log s
ŵm(s)3ds, (2.25)

where ŵm ∈ Sm and t ∈ [0, 1] and l ≤ 4. This function appears for example in the
second term in the definition of G in (2.13).

First note that on each interval [tk, tk+1] the function ŵm ∈ Sm is linear, hence
we can define pk as the polynomial defined on each interval [tk, tk+1] by

pk(s)
def
= s3(1− s)3(ŵm|[tk,tk+1](s))

3.

In general we need to make two different types of estimates. First, we want to
estimate f(tk), and second, we want to estimate f(t) uniformly for t ∈ [tk, tk+1].

The first estimate follows almost directly from Corollary 2.6.2, although the
estimate at t0 = 0 requires a small observation. Namely, since ŵm is bounded, and
l ≤ 4, we have that limt→0 f(t) = 0. Hence if we set E±0 (f) = 0 and

E±k (f)
def
=

1

tlk

k−1∑

j=0

(
L±
m1,m2

[pj ](tj+1)− L∓
m1,m2

[pj ](tj)
)
, (2.26)
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for 1 ≤ k ≤ m, then

E−k (f) ≤ f(tk) ≤ E+k (f),

for all k = 0, . . . ,m.
The second estimate is constructed primarily from the first one and the mean

value theorem. In particular, we have that for t ∈ [tk, tk+1],

f(t) =
1

tl

∫ tk

0

pk+1(s)

log s
ds+

1

tl

∫ t

tk

pk+1(s)

log s
ds. (2.27)

The first term can be accurately estimated by

min

{
E−k (tlf(t))

tlk
,
E−k (tlf(t))

tlk+1

}
≤

1

tl

∫ tk

0

pk+1(s)

log s

≤ max

{
E+k (tlf(t))

tlk
,
E+k (tlf(t))

tlk+1

}
,

where for k = 0 one should interpret these bounds as being 0, since E±0 = 0.
For the second term in (2.27) we obtain from the mean value theorem that for

k = 1, . . . ,m− 2 (i.e., excluding the first and last interval)

(t− tk)

tl
inf

s∈[tk,t]

pk+1(s)

log s
≤

1

tl

∫ t

tk

pk+1(s)

log s
ds ≤

(t− tk)

tl
sup

s∈[tk,t]

pk+1(s)

log s
,

from which we infer the uniform bounds (for t ∈ [tk, tk+1])

(tk+1 − tk)

tlk
min

{
0, inf
s∈[tk,tk+1]

pk+1(s)

log s

}
≤

1

tl

∫ t

tk

pk+1(s)

log s
ds

1

tl

∫ t

tk

pk+1(s)

log s
ds ≤

(tk+1 − tk)

tlk
max

{
0, sup
s∈[tk,tk+1]

pk+1(s)

log s

}
.

In our specific setting ŵm is positive, see Remark 2.3.1, hence all pk are positive.
The above estimate then reduces to

(tk+1 − tk)

tlk
inf

s∈[tk,tk+1]

pk+1(s)

log s
≤

1

tl

∫ t

tk

pk+1(s)

log s
ds ≤ 0.

In practice we compute the infimum in the lower bound by evaluating pk+1(t)
log t on

[tk, tk+1] using interval arithmetic.

Remark 2.6.3. The estimate above cannot be evaluated on the intervals [0, t1]
and [tm−1, 1]. We consider these intervals separately, where, to reduce the size of
the expressions, we use that ŵm is positive (see Remark 2.3.1). For t ∈ [0, t1], we
have that

0 ≥
1

tl

∫ t

0

pk+1(s)

log s
ds ≥

1

tl

∫ t

0

s3

log t1
max{ŵm(0)3, ŵm(t1)3}ds

≥
1

4

t4−l1

log t1
max{ŵm(0)3, ŵm(t1)3}.
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Similarly, since −1 ≤ (1− s)/ log s ≤ 0 for s ∈ (0, 1), we have that for t ∈ [tm−1, 1],

0 ≥
1

tl

∫ t

tm−1

pk+1(s)

log s
ds ≥ −

1

tl

∫ t

tm−1

(1− s)2 max{ŵm(tm−1)3, ŵm(1)3}ds

≥ −
1

3

(1− tm−1)3

tlm−1

max{ŵm(tm−1)3, ŵm(1)3}.

From the above considerations we conclude that if we set

E−[tk,tk+1]
(f)

def
= min

{
E−k (tlf(t))

tlk
,
E−k (tlf(t))

tlk+1

}
+
tk+1 − tk

tlk
inf

t∈[tk,tk+1]

pk+1(t)

log t

E+[tk,tk+1]
(f)

def
= max

{
E+k (tlf(t))

tlk
,
E+k (tlf(t))

tlk+1

}
,

for k = 1, . . . ,m− 2, and

E−[0,t1](f)
def
=

1

4

t4−l1

log t1
max{ŵm(0)3, ŵm(t1)3}

E+[0,t1](f)
def
= 0

E−[tm−1,1]
(f)

def
= min

{
E−m(tlf(t))

tlm−1

, E−m(tlf(t))

}

−
1

3

(1− tm−1)3

tlm−1

max{ŵm(tm−1)3, ŵm(1)3}

E+[tm−1,1]
(f)

def
= max

{
E+m(tlf(t))

tlm−1

, E+m(tlf(t))

}
,

then

E−[tk,tk+1]
(f) ≤ f(t) ≤ E+[tk,tk+1]

(f),

for all t ∈ [tk, tk+1], with k = 0, . . . ,m− 1.
The E±[tk,tk+1]

notation can also be used for more general functions than those

defined by f in (2.25). In particular, we have computed and implemented completely
analogous estimates for integrals of the form

1

(1− t)l

∫ 1

t

(1− s)p0(s)

log s
ds.

The details are repetitive and therefore we skip them here. We will use the notation
E±k and E±[tk,tk+1]

for these type of integrals as well.

Finally, the estimates generalize in an obvious way to linear combinations of
logarithmic integrals, namely by simply taking the appropriate linear combinations
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of the upper and lower bounds, depending on whether the coefficients are positive
or negative, see (2.23). Henceforth, we will use the interval notation

Ek(F )
def
=
[
E−k , E

+
k

]
and E[tk,tk+1](F )

def
=
[
E−[tk,tk+1]

, E+[tk,tk+1]

]
,

where F (t) is a logarithmic integral (or a linear combination of such integrals). In
particular, for any k = 0, . . . ,m− 1

F (tk) ∈ Ek(F ),

F (t) ∈ E[tk,tk+1](F ) for all t ∈ [tk, tk+1].

We call these enclosures the interval arithmetic evaluation of a logarithmic integral.

Explicit construction of the Y -bounds

We begin our estimates by showing how to compute the Y -bounds (2.15a) and
(2.15b). As mentioned above, all computations in this section will have to be made
using interval arithmetic. In order to simplify many of the expressions that we
shall encounter in this section, we introduce the twice continuously differentiable
function g : [0, 1]→ R defined by

g(t)
def
=

1

2

1 + t

t2

∫ t

0

s3(1− s)3

log s
ŵm(s)3ds

+
1

2

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
ŵm(s)3ds,

(2.28)

so that G(ŵm) = ŵm + g.
As it turns out, the Yk bounds are relatively easy to obtain using the interval

arithmetic evaluation introduced in Section 2.6. Let E(g) be the vector of intervals
given by (E(g))k

def
= Ek(g), k = 0, . . . ,m. We set

Yk
def
= sup

∣∣(Am[ŵm + E(g)])k
∣∣, (2.29)

where matrix multiplication is performed using interval arithmetic. The sup
in (2.29) is just the right endpoint of the interval. Since G(ŵm) = ŵm + g, the
bounds Yk will be small when ŵm is a good approximation of a zero of Gm.

Lemma 2.7.1. With Yk as defined in (2.29) we have

| (Πm(T (ŵm)− ŵm))k | = |(Am[ŵm + Πmg])k| ≤ Yk.

The Y∞-bound requires a little more work. We observe that

‖Π∞(T (ŵm)− ŵm)‖∞ = ‖(I −Πm)g‖∞,

hence we need a way to estimate ‖(I − Πm)g‖∞ = ‖Π∞g‖∞ for g ∈ C2[0, 1]. A
standard estimate can be used to show that, for all t ∈ [tk, tk+1],

|g(t)− (Πmg)(t)| ≤
1

8
(tk+1 − tk)2 sup

s∈[tk,tk+1]

|g′′(s)|. (2.30)
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Here g′′ can be written as g′′(t) = h1(t) + h2(t) + h3(t), with

h1(t)
def
=

3 + t

t4

∫ t

0

s3(1− s)3

log s
ŵm(s)3ds (2.31a)

h2(t)
def
=

1

(1− t)3

∫ 1

t

s(1 + s)(1− s)4

log s
ŵm(s)3ds (2.31b)

h3(t)
def
= −

(1− t)2

log t
ŵm(t)3. (2.31c)

The first two terms are estimated using the interval arithmetic evaluation from
Section 2.6. The final term is simply evaluated using interval arithmetic on each
interval [tk, tk+1], k = 1, . . .m − 2, whereas the intervals [t0, t1] and [tm−1, 1]
are dealt with in an analogous (but simpler) manner to the arguments used in
Remark 2.6.3. For the estimates thus obtained we use the notation h3(t) ∈
F[tk,tk+1](h3) for t ∈ [tk, tk+1]. This then gives us the following result.

Lemma 2.7.2. Define Y∞ as

Y∞
def
= max

0≤k≤m−1

{
1

8
(tk+1 − tk)2 · sup

∣∣∣E[tk,tk+1](h1 + h2) + F[tk,tk+1](h3)
∣∣∣
}
,

then

‖Π∞(T (ŵm)− ŵm)‖∞ ≤ Y∞.

Explicit construction of the Z-bounds

In this section we make the estimates (2.15c) and (2.15d) explicit. For notational
convenience we introduce, for w1, w2 ∈ Bω(r),

z(w1, w2)
def
= DT (ŵm + w1)w2.

We wish to estimate | (Πmz(w1, w2))k | for w1, w2 ∈ Bω(r) as a function of r.
Writing wi = rw̃i, where w̃i ∈ Bω(1), we have

Πmz(w1, w2) = Πm(DT (ŵm + w1)w2) = rΠmw̃2 − rAmΠmDG(ŵm + rw̃1)w̃2

= r (Im −AmDΠmG(ŵm)) Πmw̃2

+ rAm
(
DΠmG(ŵm)Πmw̃2 −DΠmG(ŵm + rw̃1)w̃2

)

= r (Im −AmDG
m(ŵm)) Πmw̃2 − rAmη

′(0),

where the auxiliary term η is given by

η(τ) : = ΠmG(ŵm + rw̃1 + τw̃2)−ΠmG(ŵm + τΠmw̃2).

We start by showing how to estimate the (Im −AmDG
m(ŵm)) Πmw̃2 term

above. Viewing DGm(ŵm) as an (m+ 1)× (m+ 1)-matrix, we distinguish three
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cases. If k1 = k2, then

DGm(ŵm)k1,k2 = φ0(tk1 , tk2)

def
= 1 +

1

2

1 + tk1
t2k1

∫ tk2

tk2−1

s3(1− s)3

log s
3ŵm(s)2

s− tk2−1

tk2 − tk2−1
ds

+
1

2

1

1− tk1

∫ tk2+1

tk2

s(1 + s)(1− s)4

log s
3ŵm(s)2

tk2+1 − s

tk2+1 − tk2
ds;

if k1 < k2, then

DGm(ŵm)k1,k2 = φ−1(tk1 , tk2)

def
=

1

2

1

1− tk1

∫ tk2

tk2−1

s(1 + s)(1− s)4

log s
3ŵm(s)2

s− tk2−1

tk2 − tk2−1
ds

+
1

2

1

1− tk1

∫ tk2+1

tk2

s(1 + s)(1− s)4

log s
3ŵm(s)2

tk2+1 − s

tk2+1 − tk2
ds;

if k1 > k2, then

DGm(ŵm)k1,k2 = φ+1(tk1 , tk2)

def
=

1

2

1 + tk1
t2k1

∫ tk2

tk2−1

s3(1− s)3

log s
3ŵm(s)2

s− tk2−1

tk2 − tk2−1
ds

+
1

2

1 + tk1
t2k1

∫ tk2+1

tk2

s3(1− s)3

log s
3ŵm(s)2

tk2+1 − s

tk2+1 − tk2
ds.

Here, any integral with domain of integration outside [0, 1] should be read as 0.
Let M(φ) be the matrix of intervals given by

M(φ)k1,k2
def
= Ẽ

(
φsign(k1−k2)(tk1 , tk2)

)
,

where Ẽ denotes interval arithmetic evaluation following the methodology from
Section 2.6, which is somewhat simpler here since the sum in (2.26) reduces to
a single term per integral in the expressions for φ. Combining this with the fact
that |(Πmw̃2)k| ≤ 1, and using the notation 1 = (1, 1, . . . , 1) ∈ R

m+1, the term
(Im −AmDG

m(ŵm)) Πmw̃2 can then be estimated by
∣∣∣
(

(Im −AmDG
m(ŵm)) Πmw̃2

)
k

∣∣∣ ≤ sup
(
|Im −AmM(φ)|1

)
k
, (2.32)

where the absolute value on the right-hand side is taken element-wise for the matrix
of intervals Im −AmM(φ).

Next, we can express η(τ) ∈ Sm as

η(τ)k = rw̃1(tk) +
1

2

1 + tk
t2k

∫ tk

0

s3(1− s)3

log s
ζs(τ)ds

+
1

2

1

1− tk

∫ 1

tk

s(1 + s)(1− s)4

log s
ζs(τ)ds,



54

where ζs(τ) is given by

ζs(τ)
def
= (ŵm(s) + rw̃1(s) + τw̃2(s))3 − (ŵm(s) + τ(Πmw̃2)(s))3.

Furthermore, note that for w̃1, w̃2 ∈ Bω(1) we have that

|ζ ′s(0)| = |3(ŵm(s) + rw̃1(s))2w̃2(s)− 3ŵm(s)2(Πmw̃2)(s)|

≤ 3ω|ŵm(s)|2 + 6(1 + ω)2|ŵm(s)| r + 3(1 + ω)3 r2. (2.33)

We again use the fact that ŵm is positive (see Remark 2.3.1) to slightly simplify
the estimates and notation (the estimates can be adapted to the general case in a
straightforward manner). Namely, we infer from (2.33) that

|ζ ′s(0)| ≤ 3ωŵm(s)2 + 6(1 + ω)2ŵm(s) r + 3(1 + ω)3 r2.

Using the interval arithmetic evaluation of logarithmic integrals from Section 2.6
we thus find that

|η′(0)k| ≤ V
1
k + V 2

k r + V 3
k r

2,

where the coefficients V ik > 0 are given by

V 1
k

def
= sup Ek

(
− 3ω(1+t)

2t2

∫ t
0
s3(1−s)3

log s ŵm(s)2ds− 3ω
2(1−t)

∫ 1

t
s(1+s)(1−s)4

log s ŵm(s)2ds
)

V 2
k

def
= sup Ek

(
− 6(1+ω)2(1+t)

t2

∫ t
0
s3(1−s)3

log s ŵm(s)ds

−
6(1 + ω)2

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
ŵm(s)ds

)

V 3
k

def
= sup Ek

(
− 3(1+ω)3(1+t)

2t2

∫ t
0
s3(1−s)3

log s ds− 3(1+ω)3

2(1−t)

∫ 1

t
s(1+s)(1−s)4

log s ds
)
.

By combining the above estimates, we obtain the following result.

Lemma 2.8.1. Let V ik be as above, and define the vector-valued Z(r) ∈ R
m+1 by

Z(r)
def
=
(
sup |Im −AmM(φ)|1 + |Am|V

1
)
r + |Am|V

2r2 + |Am|V
3r3,

then for all w1, w2 ∈ Bω(r)

| (Πmz(w1, w2))k | = | (DT (ŵm + w1)w2)k | ≤ Zk(r) for k = 0, . . . ,m.

Finally, it remains to derive a bound Z∞ on ‖Π∞(T (ŵm)− ŵm)‖∞. Similar to
(2.30), we observe that

‖Π∞z(w1, w2)‖∞ = r‖Π∞D(I −G)(ŵm + rw̃1)w̃2‖∞

= r sup
t∈[0,1]

|Π∞∂1η̂(0, t)|

≤ r max
0≤k≤m−1

{
1

8
(tk+1 − tk)2 sup

t∈[tk,tk+1]

|∂1∂
2
2 η̂(0, t)|

}
,
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where η̂(τ, t) is given by

η̂(τ, t) = (I −G)(ŵm(t) + rw̃1(t) + τw̃2(t))

= −
1

2

1 + t

t2

∫ t

0

s3(1− s)3

log s
ξs(τ)ds

−
1

2

1

1− t

∫ 1

t

s(1 + s)(1− s)4

log s
ξs(τ)ds,

with ξs(τ) = (ŵm(s) + rw̃1(s) + τw̃2(s))3. Now note that

|ξ′s(0)| = |3(ŵm(s) + rw̃1(s))2w̃2(s)| ≤ χ(r, s),

with

χ(r, s)
def
= 3(1 + ω)ŵm(s)2 + 6(1 + ω)2ŵm(s) r + 3(1 + ω)3 r2

def
= χ0(s) + χ1(s) r + χ2(s) r2.

Here we have used once again the fact that ŵm is positive to slightly simplify the
estimates. It is straightforward to arrive at the estimate

|∂1∂
2
2η(0, t)| ≤

2∑

i=0

ri
[
ĥi1(t) + ĥi2(t) + ĥi3(t)

]

with (cf. (2.31))

ĥi1(t)
def
= −

3 + t

t4

∫ t

0

s3(1− s)3

log s
χi(s)ds

ĥi2(t)
def
= −

1

(1− t)3

∫ 1

t

s(1 + s)(1− s)4

log s
χi(s)ds

ĥi3(t)
def
= −

(1− t)2

log t
χi(t).

For ĥi1 and ĥi2 we use the interval arithmetic evaluation of logarithmic integrals,

whereas to estimate ĥi3 we use the same arguments as those used to estimate

h3 in Section 2.7. In particular, we use the notation ĥi3(t) ∈ F[tk,tk+1](ĥ
i
3) for

t ∈ [tk, tk+1]. The resulting estimate is summarised in the following lemma.

Lemma 2.8.2. Let Z∞(r) be defined by

Z∞(r)
def
=

2∑

i=0

ri+1 max
0≤k≤m−1

{
1

8
(tk+1 − tk)2×

sup
∣∣∣E[tk,tk+1](ĥ

i
1 + ĥi2) + F[tk,tk+1](ĥ

i
3)
∣∣∣
}
,

then

‖Π∞(T (ŵm)− ŵm)‖∞ ≤ Z∞(r).
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Computational aspects of the proof of Theorem

2.1.1

In Lemmas 2.7.1, 2.7.2, 2.8.1 and 2.8.2 we have provided estimates that we can use
in order to calculate the radii polynomials. However, we still need to show that the
resulting polynomials indeed become simultaneously negative for some r > 0. Note
that in order to do so, it is crucial that the constant terms of these polynomials are
small and that the coefficients of the linear terms are negative, i.e., the Y -bounds
and the first term of the Z-bounds must be close to zero.

We first determine a suitable approximate solution ŵm. We have found it
most convenient to apply a standard ODE shooting method to the equation for

ṽ(t) = (1 − t)w(t) = v(t)/t, i.e., to ṽ′′ + 3
t ṽ

′ = ṽ3

log t , see the mathematica file

Mesh.nb in [123]. Via the change of variables w(t) = ṽ(t)/(1− t) this leads to an
approximate solution of (2.9).

The next step in establishing our computer-aided proof is to construct an
appropriate mesh, ∆m = {tk}0≤k≤m. As it turns out, a uniform mesh of 700 points
is enough to complete the proof. By increasing the number of points, a higher
accuracy, and thus a smaller r, can be achieved at the cost of increased computing
time. In the code [123] used for the proof of Theorem 2.1.1, we take 1001 mesh
points, i.e. m = 1000.

In general, one may reduce the number of necessary mesh points by choosing a
non-uniform grid. In practice, it is the Y∞ bound, which is obtained via a bound on
g′′(t) (see (2.30) and Lemma 2.7.2), that poses the largest obstacle to completing
the proof. Hence, by choosing a non-uniform mesh that is finest for those parts
of the domain where |g′′(t)| is largest, a similar accuracy could be obtained at a
decreased computing time. However, a uniform grid works fine for the specific
problem considered in the present chapter.

Now that we have chosen a grid, we evaluate the approximation solution at
the mesh points to find an approximate solution to Gm(w) = 0, see again the
Mathematica file Mesh.nb [123]. Next, we refine the approximate solution using a
standard Newton method Newton.m in [123], in order to find an approximate zero
ŵm of Gm. This piecewise linear approximation ŵm has been stored in the file
data1001.mat in [123]. The graph of ŵm, as well as the corresponding approximate
solution to (2.6), can be found in Figure 2.2.

As mentioned earlier, we fix the parameter ω that we use to define our closed
balls Bω(r) in C[0, 1]. By means of trial and error, we have established that
taking ω ∈ [0.012, 0.024] allows us to complete the proof. In particular, we choose
ω = 0.02.

The remainder of the proof is now given in the form of a MATLAB program
GLProof.m that can be found in [123] (it uses the Intlab package [106]). In this code,
Gm(ŵm), DGm(ŵm), Am, Yk and Y∞ are determined using interval arithmetic, as
are the coefficients of Zk(r) and Z∞(r).

This program computes (guaranteed by interval arithmetic) that for

r = 1.88·10−2
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Figure 2.2: On the left the graph of the approximate solution ŵm ∈ Sm as a function
of t. On the right the graph of the approximate solution of (2.6) corresponding to
ŵm through (2.12).

all radii polynomials are (simultaneously) negative. It follows from Theorem 2.4.2
that the first part of Theorem 2.1.1 holds and by Lemma 2.5.2 that the second
part also holds. It should be noted that although the code chooses a relatively
small r to verify the negativity of the radii-polynomials, this is not the only value
of r for which the proof goes through. Indeed, all r ∈ [1.87·10−2, 2.27·10−2] are
suitable. A smaller value of r yields slightly more information about how close the
solution lies to the numerical, piecewise linear approximation.

Finally, we prove the final assertion of Theorem 2.1.1, i.e., we check that w is
positive by invoking Lemma 2.4.3 and by having the code verify that min ŵm >
r(1 + ω) using interval arithmetic.

It should be noted that increasing the number of grid points results in a smaller
radius, hence a higher accuracy of the numerical approximation ŵm. By increasing
the number of grid points to 5000, we find that the radii polynomials are negative
for r = 1.14·10−3. However, this result comes at a much higher computational cost.
Furthermore, increasing the number of grid points past 10000 causes the cumulative
errors due to the interval arithmetic to accrue to such an extent, most notably in
the Y∞-bound, that the radii polynomials fail to become negative simultaneously.

As a closing remark, we observe that w is not the only solution of 2.6. As
discussed in Section 2.1, it follows from [107] that there exist a discrete family of
localised solutions of (2.6), which can be indexed by the number of times these
solutions pass through zero. Unfortunately even the first of these other solutions
cannot be verified by a straightforward application of the techniques introduced
in this chapter. This appears to be because the second solution is an order of
magnitude bigger than the first solution (in supremum norm). Since many of the
estimates involve the second derivative, which is roughly proportional to |ŵm(t)|3,
this means that these estimates, most notably the Y∞-bound, increase by three
orders of magnitude. In order to compensate for this, we would need one and a half
orders of magnitude more mesh points. However, as we observed above, choosing
this many mesh points causes the proof as it is to fail. One would need to derive
sharper estimates (e.g. using higher order splines) to overcome this.
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Exponential dichotomy

For completeness we present a detailed proof of the exponential dichotomy for
(2.19) in this Appendix. We will use that w is bounded, hence u(s) ≤ ĉe−s for some
ĉ > 0 (in fact any rate of exponential decay suffices). We start with a preliminary
lemma.

Lemma 2.A.1. Let u be bounded and let ũ be a solution of

ũ′′(s) = ũ(s)

(
1−

3u2

s

)
, s > 0. (2.34)

Then either ũ is bounded as s→∞ and satisfies, for all ǫ > 0,

lim
s→∞

|ũ(s)|e(1−ǫ)s = 0 and lim
s→∞

|ũ′(s)|e(1−ǫ)s = 0,

or for all ǫ > 0 there exist c > 0 and s0 > 0 such that

|ũ(s)| ≥ ce(1−ǫ)s for all s > s0.

Proof. We fix 0 < ǫ < 1. First note that we can rewrite (2.19) as a two-dimensional
first order system

x′(s) = M(s)x(s), where M(s)
def
=

(
0 1

1− 3u(s)2

s 0

)
. (2.35)

Note that since 3u(s)2

s → 0 as s→∞, for all 0 < ǫ < 1 there exists an s0 such that
if λ±(s) denotes the (time-dependent) eigenvalues of M(s), then

λ+(s) > (1− ǫ) > 0 and λ−(s) < −(1− ǫ) < 0,

for all s > s0. Furthermore, we have for any matrix norm that ‖M(s)‖ < C as
s→∞ for some constant C > 0 (dependent on the norm used). It follows from [24,
proposition 1] that there exist s′0 > 0, 0 < ǫ′ < ǫ, constants k1, k2 > 0 and a
fundamental matrix X(s) for (2.35), such that for all s > s′0

‖X(s)PX−1(s′0)‖ ≤ k1e
−(1−ǫ′)(s−s′0)

‖X(s′0)(1− P )X−1(s)‖ ≤ k2e
−(1−ǫ′)(s−s′0),

where P =
(
1 0
0 0

)
. From the second inequality it follows that for ξ ∈ R

2

|X(s′0)(1− P )ξ| = |X(s′0)(1− P )X−1(s)X(s)(1− P )ξ|

≤ |X(s′0)(1− P )X−1(s)||X(s)(1− P )ξ|

≤ k2e
−(1−ǫ′)(s−s′0)|X(s)(1− P )ξ|.

We infer that for all ξ ∈ R
2 there exist constants c1, c2 ≥ 0 such that

|X(s)Pξ| ≤ c1e
−(1−ǫ′)s,

|X(s)(1− P )ξ| ≥ c2e
(1−ǫ′)s,
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and if (1− P )ξ 6= 0, then c2 > 0.
Since any solution of (2.35) corresponds to X(s)ξ for some ξ ∈ R

2, we see
that any bounded (as s → ∞) solution must correspond to a ξ that satisfies
(1−P )ξ = 0. Hence, any such bounded solution satisfies |x(s)|e(1−ǫ)s ≤ c1e

−(ǫ−ǫ′)s

for some c1 > 0 and all s > s′0, therefore lims→∞ |x(s)|e(1−ǫ)s = 0. On the
other hand, we see that unbounded (as s → ∞) solutions to (2.35) must satisfy
|x(s)| ≥ c2e

(1−ǫ)s = 0 for some c2 > 0 and all s > s′0.

This exponential dichotomy can be strengthened as follows.

Lemma 2.A.2. Let u(s) ≤ ĉe−s for some ĉ > 0, and let ũ be a solution of (2.34)
such that for some ǫ0 > 0, c0 > 0 and s0 > 0

|ũ(s)| ≤ c0e
(1−ǫ0)s for all s > s0. (2.36)

Then there exists a constant C ∈ R such that

lim
s→∞

ũ(s)es = C.

Proof. First we note that there exists a k > 0 such that 3u(s)2

s ≤ ke−2s for
sufficiently large s. Define the (a priori possibly unbounded) function p(s) = esũ(s),
which satisfies

d

ds
e−2sp′(s) = −e−2s 3u(s)2

s
p(s).

Choose 0 < ǫ < 1 fixed, then by (2.36) and Lemma 2.A.1 there exists a constant
c > 0 such that p(s) ≤ ceǫs. Moreover, by Lemma 2.A.1, ũ(s)e(1−ǫ)s → 0 and
ũ′(s)e(1−ǫ)s → 0 as s → ∞. From the identity p′(s) = ũ′(s)es + ũ(s)es we then
infer that p′(s)e−ǫs → 0, hence p′(s)e−2s → 0 as s→∞. This allows us to write

e−2sp′(s) = −

∫ ∞

s

d

ds̃
e−2s̃p′(s̃)ds̃ =

∫ ∞

s

e−2s̃ 3u(s̃)2

s̃
p(s̃)ds̃,

hence

|p′(s)| ≤ e2s
∫ ∞

s

e−2s̃ 3u(s̃)2

s̃
p(s̃)ds̃ ≤ e2s

∫ ∞

s

e−2s̃ · ke−2s̃ · ceǫs̃ds̃ ≤ Ke(−2+ǫ)s,

for some constant K > 0. Next, note that for b > a

|p(b)− p(a)| ≤

∫ b

a

|p′(s̃)|ds̃ ≤ K

∫ b

a

e(−2+ǫ)s̃ds ≤
K

2− ǫ

(
e(−2+ǫ)a − e(−2+ǫ)b

)
.

It follows that when sn is a strictly increasing sequence with sn → ∞, then
p(sn) is a Cauchy sequence with limit C

def
= limn→∞ p(sn). Now let ǫ′ > 0 be

arbitrary and choose sǫ′ such that K
2−ǫe

(−2+ǫ)sǫ′ < 1
2ǫ

′, and n such that sn > sǫ′

and |p(sn)− C| ≤ 1
2ǫ

′. Then we have that

|p(s)− C| ≤ |p(s)− p(sn)|+ |p(sn)− C| <
K

2− ǫ
e(−2+ǫ)sn +

1

2
ǫ′ < ǫ′,

for all s > sn > sǫ′ . Since ǫ′ > 0 is arbitrary, the result follows.
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Chapter 3

Periodic solutions of

non-polynomial delay

equations by automatic

differentiation

Introduction

The last few decades have seen great strides in the application of computer assisted
proofs in dynamical system. Ever since the first proof of the universality of
the Feigenbaum constant [74], computer assisted methods have been applied to
problems in dynamical systems.

Computer assisted methods have been used to obtain many results in the study
of ODEs. Examples include rigorous integration techniques, existence proofs of
periodic solutions, and tools to study stability and bifurcations [115, 119, 65, 75,
128, 126], with the existence of chaos in the Lorenz system [95, 118] as one of the
outstanding results. The last decade has seen the development of similar computer
assisted methods for PDEs [38, 26, 102, 9, 136, 19, 87, 28].

In this chapter we develop computer-assisted techniques for finding (and proving)
periodic solutions of DDEs. We will, in particular, focus on DDEs with finitely
many discrete delays:

u′(t) = F
(
u(t− τ1), . . . , u(t− τq)

)
(3.1)

for nonpolynomial functions f . The idea of applying computer assisted techniques
to DDEs is, by itself, not novel. Some results for polynomial f , such as the famous
Wright’s Equation, were obtained in [76, 60]. Furthermore, computer assisted
results for DDEs with non-constant, state-dependent, delays were recently obtained
in [53].

Our method, which is based on techniques originally developed in [76], is
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essentially based on a careful consideration of Newton’s method: a technique that
approximates zeros of a function F by iterating the Newton map:

N(x) = x−DF (x)−1F (x).

Our aim is to construct a map F , such that the zeros correspond to periodic
solutions, and then show the existence of such a zero by means of a fixed point
argument applied to a map similar to the Newton map N . This chapter extends
this approach, as used in [76, 66], to include a large class of nonpolynomial f .
Additionally, by necessity, we cover methods for working with systems of coupled
DDEs. Finally, we introduce a new and improved method of incorporating boundary
conditions of the form u(0) = c. In particular, in showing the existence of a fixed
point, we need a good approximation of the DF (x)−1 operator. This chapter
significantly improves this approximation for systems involving these boundary
conditions.

In order to illustrate this theory, we will consider several examples, involving
exponential and sinusoidal nonlinearities. The example that we will cover in most
detail is the Mackey-Glass equation [86], a scalar DDE with a single delay and a
nonpolynomial nonlinearity:

u′(t) = −βu(t) + α
u(t− τ)

1 + u(t− τ)ρ
. (3.2)

This DDE, which models the concentration of white blood cells in a subject, is
one of the first scalar DDEs that was conjectured to exhibit chaotic behaviour. In
this equation, α is the production rate of new cells and β is the rate at which the
cells die. The delay parameter τ > 0 models the time it takes for the subject’s
body to observe the concentration and react, by either increasing or decreasing
cell production. Finally, the positive real (i.e. not necessarily integer) parameter
ρ models the assumption that the production of new cells will abruptly stop if
the concentration is higher than the critical concentration. In the rescaled version
(3.2), this critical concentration is given by u = 1.

Chaos has been observed numerically in those cases where the critical con-
centration lies close to an equilibrium solution, and where the cell-growth drop,
parametrised by ρ, is sufficiently steep [86, 85]. In (3.2), we will therefore consider
the case where u = 1 is an equilibrium of (3.2), which implies that α = 2β. By
rescaling time we can choose, without loss of generality α = 2 and β = 1. Further-
more, chaos only occurs for “large” values of ρ, that is ρ > 9. With this information,
we will focus on two particular choices for ρ and τ . First, we will consider ρ = 10
and τ = 1.63, which lies close to the chaotic regime (in the (ρ, τ)-plane). For these
parameters, there is a long stable periodic orbit, which we will use as a basis to
obtain two other periodic solutions. Subsequently, we will use these results to
obtain solutions in the chaotic regime, in particular for ρ = 9.65 and τ = 2. Some
example orbits can be found in Figure 3.1.

The very first rigorous results for the Mackey-Glass equation was recently
obtained in [116]. The method used in [116] is different from ouch approach. It
relies on carefully integrating the DDE to construct the Poincaré section explicitly.
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nice analogues in Fourier space:

u′(t) =
∑

k∈Z

(ikϑak)eikϑt , u(t− τ) =
∑

k∈Z

(ake
−ikϑτ )eikϑt,

i.e. the Fourier-coefficients if u′(t) are given by ikϑak and those of u(t − τ) are
given by ake

−ikϑτ .
Secondly, we observe that Fourier series have the property that pointwise

multiplication translates to two-sided convolution products.

Definition 3.1.1 (Convolutions). Let a, b ∈ C
Z, then we define the convolution of

a and b, denoted as a ∗ b as the bi-infinite sequence given by

(a ∗ b)k =
∑

k1+k2=k

ak1bk2 ,

whenever the right-hand side converges.

Hence if the function u(t) has Fourier coefficients ak and v(t) has coefficients
bk, then we have that

u(t)v(t) =
∑

k∈Z

(a ∗ b)ke
ikϑt.

Since the convolution product is associative, it is easy to see that all polynomial
combinations of 2π/ϑ-periodic functions can be described by similar polynomial
combinations of (possibly higher-order) convolutions.

In conclusion, if the function f from (3.3) is polynomial, one can naturally
rewrite (3.3) as an equation on the space of Fourier-coefficients. However, when a
differential equation involves nonpolynomial nonlinearities, then finding a closed
form expression for the Fourier coefficients can be at best tedious and in the worst
case impossible. In Section 3.2.1 we introduce a method, inspired by automatic
differentiation as used in [81], to deal with a large class of nonpolynomial nonlin-
earities for delay equations. Our method is based on the observation that many
“standard” functions can be constructed as solutions of (systems of) polynomial
ODEs. This allows us to rewrite (3.3) as a system of polynomial DDEs, by replacing
f(u) with a new variable, and appending the differential equation that f solves.

In order to make this substitution precise, we must also add one (or more) scalar
equations to the system. This is necessitated by the fact that in order to recover
a nonlinear function from the polynomial ODE it satisfies, a specific boundary
condition must be met. For instance, to obtain f(x) = ex from f ′(x) = f(x), we
need to specify that f(0) = 1. The details on this can be found in Section 3.2.1.

Once we have obtained a system of polynomials DDEs and boundary conditions,
we outline a computer assisted method, that allows us to prove the existence of
periodic solutions close to some numerically obtained approximate solution. The
method that we will use, also called the method of radii-polynomials, has in the last
decade seen extensive use in all types of dynamical systems problems. There is by
now a large body of papers on this approach, see for instance [94, 57, 80] and the
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references therein. This computer assisted method relies on the construction of a
function T (on a sequence space) from a numerically obtained approximate solution.
This function is constructed such that any fixed point of T corresponds to a solution
of the system of DDEs. Subsequently we show the existence of a fixed point by
means of a contraction argument, in particular by showing that it is contractive on
a ball around a numerically calculated approximate solution. This method does
not only provide a proof of existence, but the radius of the ball also allows us to
give an explicit Ck-error bound on the numerical (approximate) solution used to
find the exact solution (see Remark 3.2.18). The functional analytic tools needed
to construct T and prove its contractivity are described in Section 3.3.

In Section 3.4, we outline in detail how to use the tools from Section 3.3 to
obtain estimates necessary to prove the contractivity of T . Our guiding example
there will be the Mackey-Glass equation (3.2). We finish this chapter by presenting
several complicated periodic orbits of (3.2) in Section 3.5, both in and near the
chaotic regime, which we succeeded in proving using the developed techniques. In
Section 3.5.3 we discuss possible future work.

Polynomialization of DDEs: periodic solutions via

Fourier-series

Polynomialization of nonlinearities

Our main goal is to construct methods to study nonpolynomial DDEs. In this
section we will explain how to reformulate a nonpolynomial DDE as a system of
polynomial DDEs. For the purposes of this chapter we will call this procedure
“polynomialization”. The key idea is that many elementary nonpolynomial functions
are solutions of polynomial differential equations. By appending this polynomial
differential equation and solving for the transformed original variable, we can rewrite
our nonpolynomial system as a (larger) polynomial system, see also [65, 68, 81, 120]

To see how one can apply this idea to a DDE, let us consider the following,
instructive example.

Example 3.2.1 (Cooke’s Equation). As a simple first example, we consider Cooke’s
equation, a nonpolynomial DDE arising from population dynamics [23], given by

u′(t) = −βu(t) + αe−γu(t−τ)u(t− τ), (3.4)

where α, β, γ > 0. In this case, the relevant nonpolynomial nonlinearity is given by

f(y) = e−γy,

which satisfies

f ′(x) = −γf(x).
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If we introduce a new variable v = e−γu, then v′(t) = −γv(t)u′(t), hence (3.4)
becomes

u′(t) = −βu(t) + αu(t− τ)v(t− τ)

v′(t) = −γv(t)(−βu(t) + αu(t− τ)v(t− τ)),
(3.5)

where we substituted the equation for u′(t) for the u′(t) term appearing in the
expression for v′(t). For a pair (u, v) solving (3.5), it easily follows that veγu is
constant, where a priori the constant is arbitrary. In order to make sure that the
new variable v really satisfies v = f(u), we need to impose boundary conditions.

Periodic solutions to (3.4) are (locally) not unique, since by shifting a periodic
solution we can always construct a one parameters famlily of solutions also solving
(3.4). However, when we choose a c in the interior of the range of u, then we
can impose u(0) = c as a phase condition, if u is not locally constant near t = 0.
This phase condition also gives us a natural boundary condition for v by imposing
v(0) = e−γc. Motivated by numerical calculations, we will, for Cooke’s equation,
use c = 1.

If we want to treat u and v as coupled variables in an equation, then we have
one final obstacle. The problem we have constructed thus far, consisting of finding
periodic solutions u and v together with two phase conditions, is over-determined.
In particular, we have two phase conditions, but only one corresponding variable,
namely the period. We solve this problem by adding an auxiliary variable η to
(3.5) as follows:

u′(t) = −βu(t) + αu(t− τ)v(t− τ), u(0) = 1,

v′(t) = −γv(t)(−βu(t) + αu(t− τ)v(t− τ)) + η, v(0) = e−γ .
(3.6)

We now wish to find u, v periodic with frequency ϑ ∈ R, and η ∈ R satisfying (3.6).
If we can show the existence of such a solution, then it can be shown that η = 0,
and subsequently that v = eγu and that u must solve (3.4).

Remark 3.2.2. It should be noted that there are many ways in which we can add
the auxiliary variable η to (3.5). Instead of adding it as a constant to the equation,
we could also add ηv(t) instead. Some care has to be taken in how to choose the
auxiliary variables, for instance, adding them as a constant does not work in the
Ikeda equation, that we will cover later on in this section, see Example 3.2.6.

We can summarise the relationship between (3.6) and (3.4) in the following
proposition.

Proposition 3.2.3. Let α, β, γ ∈ R, let η ∈ R, and let (u, v) be a periodic solution
of (3.6). Then η = 0 and u is a periodic solution of Cooke’s equation (3.4).

Proof. First note that v satisfies

v′(t) = −γv(t)u′(t) + η.

It follows directly from this equation that v′(t) = η whenever v(t) = 0. If v(t0) = 0
for some t0, and η = 0, then v′(t0) = v(t0) = 0, hence v = 0 everywhere by
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the uniqueness theorem for solutions to initial value problems, contradicting the
assumption that v is periodic and v(0) = e−γ . Hence it follows that if v(t) is zero
anywhere, then v crosses 0 in a direction determined by the sign of η. But η is a
constant, hence if v crosses zero once, it cannot cross zero again, which contradicts
the assumption that v is periodic. Therefore v 6= 0 everywhere. Since any solution
must be continuous it follows from v(0) > 0 that v > 0 everywhere.

Since v > 0 everywhere, log v is also defined everywhere and

d

dt
(log v(t) + γu(t)) =

η

v(t)
.

Since v > 0 the right-hand side has either constant sign or it vanishes. Moreover,
log v + γu is periodic, hence its derivative cannot have constant sign. We conclude
that η = 0 and that log v+ γu is constant. Furthermore, equation (3.6) shows that
v(0) = e−γu(0) and we conclude that log v + γu = 0. Thus any periodic solution of
(3.6) has the property that η = 0 and v(t) = e−γu(t). In particular, u(t) satisfies
(3.4).

We can apply the same ideas to the Mackey-Glass equation.

Example 3.2.4 (The Mackey-Glass equation). Recall from the introduction that
the Mackey-Glass equation is given by,

u′(t) = −βu(t) + α
u(t− τ)

1 + u(t− τ)ρ
, (3.7)

where typically ρ is chosen large and possibly non-integer [85, 86]. In particular,
this DDE involves a nonpolynomial nonlinearity,

f(y) =
y

1 + yρ
.

The function f satisfies the non-autonomous, but polynomial, differential equation

f ′(y) = (y−1 − ρyρ−2f(y))f(y). (3.8)

This means that if we introduce a new variable

v(t) =
u(t)

1 + u(t)ρ
= f(u(t))

then u satisfies

u′(t) = αv(t− τ)− βu(t).

However, (3.8) contains two new nonlinearities, namely y−1 and yρ−2. In order
to handle these, we will introduce new functions: x(t) = u(t)−1 and w(t) = u(t)ρ−2.
As in Example 3.2.1 we also introduce three auxiliary variables η1, η2 and η3
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together with the boundary conditions u(0) = w(0) = x(0) = 1 and v(0) = 1/2.
We thus consider the following system of polynomial DDEs:

u′(t) = αv(t− τ)− βu(t), u(0) = 1, (3.9a)

v′(t) = v(t) (x(t)− ρv(t)w(t)) (αv(t− τ)− βu(t)) + η1, v(0) = 1/2, (3.9b)

w′(t) = (ρ− 2)x(t)w(t) (αv(t− τ)− βu(t)) + η2, w(0) = 1, (3.9c)

x′(t) = −x(t)2 (αv(t− τ)− βu(t)) + η3, x(0) = 1. (3.9d)

The relation between periodic solutions of (3.9) and (3.7) is guaranteed by the
following proposition.

Proposition 3.2.5. Let α, β, η1, η2, η3 ∈ R and let (u, v, w, x) be a periodic solu-
tion of (3.9), then u is a periodic solution of the Mackey-Glass equation (3.7).

Proof. First note that the x component of any periodic solution of (3.9) must
satisfy

x′(t) = −x(t)2u′(t) + η3.

Similar to the proof from Proposition 3.2.3, we can conclude that x > 0. It follows
that we can write

d

dt

(
u(t)− x(t)−1

)
=

η3

x(t)2
.

As in the proof of Proposition 3.2.3, u(t)− x(t)−1 is periodic, hence η3 = 0 and
u(t)− x(t)−1 must be constant. Since x(0) = u(0) = 1, x(t)−1 = u(t). In a similar
vein,

w′(t) = (ρ− 2)x(t)w(t)u′(t) + η2.

Since w(0) > 0, we again have by (3.9c) that w > 0, hence using that x,w > 0 and
that x(t) = u(t)−1, we find

d

dt
(logw(t)− (ρ− 2) log u(t)) =

η2

w(t)
.

By analogous arguments, we can then conclude that η2 = 0 and w(t) = u(t)ρ−2.
Finally, combining (3.9a) and (3.9b) gives

v′(t) = v(t) (x(t)− ρv(t)w(t))u′(t) + η1,

hence using the relations x(t) = u(t)−1 and w(t) = u(t)ρ−2 we conclude that

d

dt

(
u(t)

v(t)
− u(t)ρ

)
= −η1

u(t)

v(t)2
,

implying that η1 = 0. Because u(0) = 2v(0) = 1, we now have that u(t)
v(t) −u(t)ρ = 1,

resulting in v(t) = u(t)/(1 + u(t)ρ).
In conclusion, any periodic solution to (3.9) satisfies u′(t) = −βu(t) +αf(u(t−

τ)), which is the Mackey-Glass equation (3.7).
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As a final example we consider the Ikeda equation, where the polynomialization
is slightly more subtle.

Example 3.2.6 (The Ikeda equation). The Ikeda equation [58, 113] is a simple
DDE with a sinusoidal nonlinearity:

u′(t) = sin(u(t− τ)). (3.10)

In this case we introduce two new variables, namely v = sin(u) and w = cos(u).
These new variables satisfy v′ = wu′ and w′ = −vu′. As phase condition, we can
put u(0) = v(0) = 0 and w(0) = 1. In this case we pass to the system

u′(t) = v(t− τ), u(0) = 0

v′(t) = w(t)(t− τ) + η1v(t) + η2w(t), v(0) = 0

w′(t) = −v(t)v(t− τ) + η1w(t)− η2v(t), w(0) = 1.

(3.11)

The introduction of the two linear terms with auxiliary variables η1 and η2 is
justified by the next proposition.

Proposition 3.2.7. Let η1, η2 ∈ R and let (u, v, w) be a periodic solution of (3.11)
with period 2π/ϑ. If |η2| < ϑ, then u is a periodic solution of the Ikeda equation
(3.10).

Proof. If we define r2(t)
def
= v(t)2 + w(t)2, then

1

2

d

dt
r2 = vv′ + ww′ = η1(v2 + w2) = η1r2. (3.12)

Clearly r2 must be periodic, and r2(0) = 1. This can only be the case if η1 = 0,
Hence (3.12) implies that r2(t) = 1 for all t so that (v(t), w(t)) lies on the unit
circle in R

2. If φ(t) describes the angle of (w(t), v(t)) = (cosφ(t), sinφ(t)), then
φ(0) = 0 and

φ′ = v′w − w′v = (v2 + w2)(η2 + u′) = η2 + u′.

While v and w are periodic, it does not follow directly that φ is periodic. However,
by the above equation, it does follows that (φ − u)′ is constant. Furthermore,
since u, v and w are periodic, it also follows that this constant must be an integer
multiple of ϑ. Since |η2| < ϑ, we must therefore have that η2 = 0, hence φ′ = u′.
Since u(0) = φ(0) = 0, it follows that u = φ, and therefore v(t) = sinu(t). In
particular, u satisfies the Ikeda equation (3.10).

Systems of equations and Fourier series.

The approach described in the previous section allows us to rewrite a large class
of nonpolynomial DDEs as polynomial ones, which means that we can again take
advantage of all the benefits of Fourier series. In particular, we will use this to show
that we can solve these DDEs by finding zeroes of a function F on a sequence space.
We will construct this function for each of the examples covered above, simply
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assuming that we can represent functions as bi-infinite sequences with coefficients
in C. We will then conclude this section by identifying (Banach) sequence spaces
on which these functions act. Subsequently, we will dedicate the remainder of this
chapter to finding zeros of these functions.

Furthermore, recall that the Fourier series associated with the constant function
u = 1 is given by the standard Kronecker-δ in zero, i.e. δ ∈ C

Z satisfying

δk =

{
1 if k = 0

0 if k 6= 0
.

As we will frequently work with derivatives and delayed versions of functions
derived from Fourier-series, it will be useful introduce the following operators
related to the derivatives and delays.

Definition 3.2.8. Let (ck)k∈Z be a bi-infinite sequence, then we define the operator
K : CZ → C

Z by

(Kc)k = kck.

For a given delay τ > 0 and frequency ϑ ∈ R we define the map dτ (ϑ) : CZ → C
Z

by

(dτ (ϑ)c)k = e−ikϑτ ck.

Remark 3.2.9. For ϑ ∈ R, the operator dτ (ϑ) is loosely related to the identity
map. If we take the absolute value entry-wise, we have |dτ (ϑ)| = Id, as long as
ϑ ∈ R. If ϑ is allowed to be complex valued, i.e. Imϑ 6= 0, then eikϑτ is unbounded
in k. While it not impossible to work with such an operator, many of the estimates
to follow will simplify a great if we restrict ourselves to ϑ ∈ R. For this reason, we
will assume throughout the chapter that ϑ ∈ R. Since we do not wish to constantly
have to differentiate between the ways we treat ϑ and η, we will analogously assume
that η ∈ R

m.

The operators from Definition 3.2.8 allow us to write, without having to resort to
indices, the Fourier series associated with the differentiated and delayed functions.

Using this notation, we can concisely rewrite the example equations covered in
Section 3.2.1. Each of the systems derived from those examples can be written as

x′(t) = f(η1, . . . , ηm−1;x(t);x(t− τ)) x(0) = x0

where x(t) = (x0(t), . . . , xm−1(t)) ∈ R
m and η1, . . . , ηm−1 are unknown, x0 ∈ R

m

is given and f : R3m−1 → R
m is polynomial in x0, . . . , xm−1. Since we also wish

to solve for the frequency ϑ, we will from now on set η0 = ϑ and write

η
def
= (ϑ, η1, . . . , ηm−1) ∈ R

m.

If we write x as a Fourier series with coefficients ck = (c0k, . . . , c
m−1
k ) ∈ C

m,

x(t) =
∑

k∈Z

cke
ikϑt,
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then x′(t) =
∑
k iϑ(Kc)ke

ikϑt and similarly x(t − τ) =
∑
k(dτ (ϑ)c)ke

ikϑt. Our
differential equation can then be written as

iϑKc = f̂(η, c),

where f̂(η, c) “equals” f(η1, . . . , ηm−1; c, dτ (ϑ)c)), with all multiplications of bi-
infinite sequences interpreted as convolutions.

Because of its dependency on dτ (ϑ), the function f̂ is not truly polynomial.

However, since f̂ is only nonpolynomial in the scalar variables η = (ϑ, η0, . . . , ηm),
and not in the bi-infinite variables c, this does not pose a problem.

Example 3.2.10 (Cooke’s Equation). In the case of Cooke’s Equation from
Example 3.2.1, we find that (3.6) is equivalent to

FCooke(η, c)
def
=




∑
k c

0
k − 1∑

k c
1
k − e

−γ

iϑKc0 + βc0 − αdτ (ϑ)(c0∗c1)
iϑKc1 − βγ(c0∗c1) + αγ(dτ (ϑ)c0)∗(dτ (ϑ)c1)∗c1 − η1δ


 = 0,

(3.13)

meaning that we can rewrite our problem as F(η, c) = 0, where F : R2 × (CZ)2 →
C

2 × (CZ)2 is given by (3.13).

Example 3.2.11 (The Mackey-Glass Equation). We can rewrite the Mackey-Glass
equation from Example 3.2.4 as F(η, c) = 0, where F : R4 × (CZ)4 → C

4 × (CZ)4

is given by

FMG(η, c)
def
=




∑
k c

0
k − 1∑

k c
1
k − 1/2∑

k c
2
k − 1∑

k c
3
k − 1

iϑKc0 − (αdτ (ϑ)c1 − βc0)
iϑKc1 − (c1 ∗ c3 − ρc1 ∗ c1 ∗ c2) ∗ (αdτ (ϑ)c1 − βc0)− η1

iϑKc2 − (ρ− 2)c2 ∗ c3 ∗ (αdτ (ϑ)c1 − βc0)− η2

iϑKc3 + c3 ∗ c3 ∗ (αdτ (ϑ)c1 − βc0)− η3




.

(3.14)

Example 3.2.12 (The Ikeda Equation). For the derived from the Ikeda equation
in Example 3.2.6, we see that the problem can again be written as F(η, c) = 0,
where F : R3 × (CZ)3 → C

3 × (CZ)3 is given by

FIkeda(η, c)
def
=




∑
k c

0
k∑

k c
1
k∑

k c
2
k − 1

iϑKc0 − dτ (ϑ)c1

iϑKc1 − c2 ∗ dτ (ϑ)c1 − η1c1 − η2c2

iϑKc2 + c1 ∗ dτ (ϑ)c1 − η1c2 + η2c1



. (3.15)
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In each of the examples above, we have constructed a function F : Rm×(CZ)m →
C
m × (CZ)m. Note that the C

m component in the range of F is due to the fact
that we do not, a priori, assume that our functions are going to be real-valued.
The R

m component in the domain of F is due to Remark 3.2.9.

Sequence spaces for analytic functions

It is a well known fact that analytic DDEs have analytic periodic solutions [99]. Since
the DDEs considered in this chapter are analytic (after all, they are polynomial),
we can a priori assume that the solutions that we will find are analytic as well.
We exploit this a priori information in order to identify the Banach space on which
to consider our zero finding problem.

Suppose that a periodic function u : R→ C is given by u(t) =
∑
k cke

ikϑt, then
u is analytic if and only if the Fourier-coefficients ck decay exponentially. Hence
there exists a ν > 1 such that

∑

k

|ck|ν
|k| <∞.

This motivates the following definition.

Definition 3.2.13. We define the Banach space ℓ1ν as

ℓ1ν
def
=

{
c ∈ C

Z :
∑

k∈Z

|ck|ν
|k| <∞

}

equipped with the norm

‖c‖1,ν
def
=
∑

k∈Z

|ck|ν
|k|.

Since we are not solving a single equation, but a system of m equations, the
following definition will be useful:

Definition 3.2.14. We define the Banach space ℓ1,mν as

ℓ1,mν
def
=



c = (c0, . . . , cm−1) ∈ (CZ)m :

m−1∑

j=0

∑

k∈Z

|cjk|ν
|k| <∞





which is a Banach-space under the norm

‖c‖1,ν
def
=

m−1∑

j=0

∑

k∈Z

|cjk|ν
|k| =

m−1∑

j=0

‖cj‖1,ν .

The functions F constructed in Section 3.2.2 also depend on m real parameters,
and involve m complex phase conditions, which motivates the following definition.
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Definition 3.2.15. We define the Banach spaces XR,m
ν and XC,m

ν as

XR,m
ν

def
= R

m × ℓ1,mν XC,m
ν

def
= C

m × ℓ1,mν ,

where the norm of x = (η, c), for both x ∈ XR,m
ν and x ∈ XC,m

ν is given by

‖x‖ =

m−1∑

j=0

|ηj |+
m−1∑

j=0

‖cj‖1,ν .

In the above definitions, we purposefully choose to take the sum of ℓ1 norms,
as opposed to the more “classical” method of taking the maximum of norms when
constructing products of Banach spaces. This is because taking the sum of ℓ1

norms results in a Banach space which is also ℓ1, albeit with more indices. This
makes calculating the norm of operators on these new Banach spaces much more
elementary.

In order to obtain the numerical results that form the basis of our computer-
assisted proof, we need some formalism that deals with truncated functions and
finite dimensional subspaces. To this end we will, throughout this chapter, consider
C

2n+1 as a (2n+1 dimensional) subspace of ℓ1ν by setting ck = 0 for |k| > n. This
gives rise to a natural projection πn : ℓ1ν → C

2n+1 ⊂ ℓ1ν that is obtained by setting

(πnc)k =

{
ck if |k| ≤ n

0 otherwise.

The complementary projection we denote by πn,∞, i.e. πn + πn,∞ = Id.
When n1 < n2, we similarly have a natural embedding C

2n1+1 ⊂ C
2n2+1 ⊂ ℓ1ν .

In this case we will also use the projection on the complement of C2n1+1 in C
2n2+1,

denoted by πn1,n2 :

(πn1,n2c)k =

{
ck if n1 < |k| ≤ n2

0 otherwise,

hence it satisfies πn1 + πn1,n2 = πn2 .
Finally, we note that these projections naturally extend to the product space

C
m(2n+1) ⊂ ℓ1,mν , by setting

πnc = (πnc0, . . . , πncm−1).

The primary reason to focus on ℓ1-spaces (as opposed to other ℓp-spaces),
is that these spaces are Banach-algebras with respect to two-sided convolutions.
This is important because as our system of delay equations is polynomial, the
corresponding nonlinearities can be written as convolutions.

Lemma 3.2.16. Let a, b ∈ ℓ1ν , then the two-sided convolution a ∗ b, given by

(a ∗ b)k =
∑

k1+k2=k

ak1bk2

also satisfies a ∗ b ∈ ℓ1ν . In particular

‖a ∗ b‖1,ν ≤ ‖a‖1,ν‖b‖1,ν .
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Proof. Simply observe that

‖a ∗ b‖1,ν =
∑

k

|(a ∗ b)k|ν
|k| ≤

∑

k1+k2

|ak1 ||bk2 |ν
|k1|ν|k2| = ‖a‖1,ν‖b‖1,ν .

Finally, we can give explicit expressions for the norms of maps and of linear
functionals in terms of their coefficients. Since ℓ1ν is a sequence space, we can also
represent φ : ℓ1ν → C as a (bi-infinite) sequence. Furthermore, we have by Hölder’s
inequality that

|φ(c)| =

∣∣∣∣∣
∑

k

φkck

∣∣∣∣∣ ≤
(

sup
k
|φk|ν

−|k|

)(∑

k

|ck|ν
|k|

)
.

This gives us the following result.

Lemma 3.2.17. The dual of ℓ1ν , ℓ
∞
ν

def
= (ℓ1ν)∗ is given by

ℓ∞ν
def
=

{
φ ∈ C

Z : sup
k
|φk|ν

−|k| <∞

}

and the norm on the dual is given by

‖φ‖∞,ν
def
= sup

k
|φk|ν

−|k|.

Remark 3.2.18. If we write u(t) =
∑
k cke

ikϑt, then Lemma 3.2.17 allows us to
calculate an explicit bound on the Cn-norm by means of the following inequality:

‖u‖Cn = max
0≤j≤n

sup
t∈[0,2π/ϑ]

∣∣∣∣
dj

dtj
u(t)

∣∣∣∣

≤ max
0≤j≤n

ϑj
∑

k

|k|j |ck|

≤ ‖c‖1,ν max
0≤j≤n

ϑj sup
k
|k|jν−|k|.

Lemma 3.2.17 can be used to calculate the norm of operators M : ℓ1ν → ℓ1ν as
follows.

Lemma 3.2.19. Let M : ℓ1ν → ℓ1ν be a bounded linear map, represented by a
bi-infinite matrix (Mk1,k2)k1,k2∈Z, then

‖M‖ = sup
k2

ν−|k2|
∑

k1

|Mk1,k2 |ν
|k2|.

Proof. Let M be as above, then for c ∈ ℓ1ν we have

‖Mc‖1,ν =
∑

k1

|(Mc)k1 | ν
|k1| =

∑

k1

∣∣∣∣∣
∑

k2

Mk1,k2ck2

∣∣∣∣∣ ν
|k1|

≤
∑

k2

(
∑

k1

|Mk1,k2 |ν
|k1|

)
|ck2 | ≤ ‖c‖1,ν sup

k2

ν−|k2|

(
∑

k1

|Mk1,k2 |ν
|k1|

)
.
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Equality follows by choosing a sequence of basis integers kj , and the a corresponding

sequence of basis elements ej ∈ ℓ1, such that ejk = δj,kj where δ is the standard
Kronecker-δ, for which ‖Mej‖ converges to the supremum.

We can apply this lemma to calculate the norm of the linear map dτ (ϑ) that
we introduced in Definition 3.2.8. But, if we try to apply Lemma 3.2.19 to the
operator K, we run into a problem, namely if c ∈ ℓ1ν , then it does not follow that
Kc ∈ ℓ1ν . To remedy this, we introduce the following Banach space

Definition 3.2.20. We define the Banach space ℓ1ν+ as

ℓ1ν+
def
=



c ∈ C

Z : |c0|+
∑

|k|>1

|ck|
ν|k|

|k|
<∞





equipped with the norm

‖c‖1,ν+
def
= |c0|+

∑

|k|>1

|ck|
ν|k|

|k|
.

We define the Banach spaces ℓ1,mν+ , XR,m
ν+ and XC,m

ν+ in the same manner as ℓ1,mν ,
XR,m
ν and XC,m

ν from Definition 3.2.14 and Definition 3.2.15.

Using this we can now also specify the range and norm of K.

Lemma 3.2.21. Let K : ℓ1ν → ℓ1ν+ and dτ (ϑ) : ℓ1ν → ℓ1ν be given by

(Kc)k = kck

(dτ (ϑ)c)k = e−ikϑτ ck,

then

‖K‖ = 1

‖dτ (ϑ)‖ = 1.

Since we chose to use the sum op the norms on our product Banach-spaces,
we have a similar (but due to indices rather technical) result on ℓ1,mν , and XR,m

ν

and XC,m
ν . To write down this result, we observe that we can write each element

x ∈ C× ℓ1ν as vector (x)i∈I , where the index-set is given by the disjoint union

I = {0} ⊔ Z.

Using this notation, we have that ‖x‖ =
∑
k∈I |xk|ν

|k|, allowing us to formulate
the following result.

Corollary 3.2.22. Let X be either XR,m
ν or XC,m

ν and letM : X → X , thenM
can be written as a block-matrixM = (M j1,j2)j1,j2∈{0,...,m−1}, where for each j1, j2,
M j1,j2 ∈ C

I×I . Furthermore,

‖M‖ = max
0≤j2≤m−1

sup
k2∈I

ν−|k2|
m−1∑

j1=0

∑

k1∈I

|M j1,j2
k1,k2
|ν|k1|.
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While the notation here is rather cumbersome, it should be noted that the
norm above is obtained by taking the X norm of every column, and taking the
dual norm of the resulting row.

Finally we observe that R
m ⊂ C

m, hence we have a natural inclusion XR,m
ν ⊂

XC,m
ν . Furthermore, every linear map M : XR,m

ν → XC,m
ν has, by linearity, a

natural extension to a map M : XC,m
ν → XC,m

ν . If we denote the inclusion
ι : XR,m

ν → XC,m
ν , then M =Mι. Since ‖ι‖ = 1, it then follows that

‖M‖ = ‖Mι‖ ≤ ‖M‖‖ι‖ = ‖M‖.

We summarise this conclusion in the following Corollary.

Corollary 3.2.23. , Let M : XR,m
ν → XC,m

ν and let M : XC,m
ν → XC,m

ν be its
natural extension. Then

‖M‖ ≤ ‖M‖.

We will use these results in the following sections to provide explicit calculations
of or bounds on the operator norms involved throughout this chapter.

Functional analytic necessities

In this section we study the problem of finding solutions to F(η, c) = 0, with F
as we constructed in Section 3.2.2. In particular, we set up the outline of the
computer-assisted proof that we will use to prove the existence (and uniqueness)
of these solutions. We then continue to expand on some of the subtleties regarding
solutions obtained using these computer-assisted techniques. Finally we finish this
section with the general estimates required to run the computer-assisted proof.

General radii polynomial approach

Our computer-assisted proof makes use of the so-called radii polynomial approach,
which we formulate here. The method itself is based on the Banach fixed point
theorem and combines numerical (computer-derived) calculations and analytical
estimates to both construct a candidate fixed point operator and verify its contrac-
tivity. We first present this method for a general class of zero finding problems
and subsequently comment on the implementation in the case of periodic orbits of
(systems of) delay equations.

Let us consider a function F : X → X ′, between two Banach spaces. The
candidate for our contracting function is derived from the classical Newton method,
which is used to find zeros of functions by iterating the Newton operator on X
given by

x 7→ x−DF(x)−1F(x).

Suppose now that we have constructed (numerically) an approximate solution
x̂ ∈ X, i.e. we have that F(x̂) ≈ 0. We then expect that the Newton map will
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be contracting on some neighbourhood of x̂. The problem is that when working
with infinite-dimensional systems, DF can be hard to construct and inconvenient
to invert. Hence instead of using DF(x)−1, we will use an approximate inverse of
the derivative in the point x̂, that is, we take A : X ′ → X such that

A ≈ DF(x̂)−1

and we define T : X → X by

T (x)
def
= x−AF(x). (3.16)

If A is injective, then F(x) = 0 if and only if T (x) = x. Hence x is a solution
of F(x) = 0 if and only if x is a fixed point of T . If we can show that T is a
contraction, then T must have a fixed point and consequently F must have a zero.

The expectation that this T is contractive is not unreasonable. After all, the
Newton-like operator T can be seen as a perturbation of the classical Newton
operator on a neighbourhood of x̂. Since Newton’s method is so strongly contractive,
it is reasonable to expect that small perturbations, and hence T , will still be
contractive. However, for any particular choice of A this of course needs to be
verified.

In order to show that T is indeed contractive on a ball of radius r around x̂

we will use a parametrised version of the Newton-Kantorovitch theorem. This
particular version of the this theorem is due to [10].

Theorem 3.3.1. Let T : X → X be differentiable and let x̂ ∈ X. Furthermore,
suppose there exist constants Y, Z1 and a function Z2 : R+ → R

+ such that

‖T (x̂)− x̂‖ ≤ Y (3.17a)

‖DT (x̂)‖ ≤ Z1 (3.17b)

and such that for every r > 0 and ‖y‖ ≤ 1,

‖DT (x̂ + ry)−DT (x̂)‖ ≤ Z2(r)‖y‖. (3.17c)

If there exists a radius r̂ > 0 such that the following two inequalities hold:

Y +

(
Z1 +

1

2
Z2(r̂)

)
r̂ < r̂, (3.18a)

Z1 + Z2(r̂) < 1, (3.18b)

then T : Br̂(x̂)→ Br̂(x̂) is a contraction.
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Proof. Suppose z ∈ Br(x̂), then

‖T (z)−x̂‖ ≤ ‖T (x̂)− x̂‖︸ ︷︷ ︸
≤Y

+‖T (z)− T (x̂)‖

≤ Y +

∥∥∥∥
∫ 1

0

DT (x̂ + t(z − x̂))(z − x̂)dt

∥∥∥∥

≤ Y + ‖z − x̂‖

(∫ 1

0

‖DT (x̂)‖ dt+

∫ 1

0

‖DT (x̂ + t(z − x̂))−DT (x̂)‖ dt

)

≤ Y + ‖z − x̂‖

(∫ 1

0

Z1dt+

∫ 1

0

Z2(r)‖z − x̂‖
t

r
dt

)

≤ Y + ‖z − x̂‖

(
Z1 + Z2(r)

∫ 1

0

t dt

)

= Y +

(
Z1 +

1

2
Z2(r)

)
r,

hence if (3.18a) holds, then T maps Br̂(x̂) into itself. Furthermore, we have
similarly for x, z ∈ Br(x̂) that

‖T (z)− T (x)‖ ≤

∫ 1

0

‖DT (x + t(z − x))‖ ‖z − x‖dt.

If we denote xt = x + t(z − x), then by convexity xt ∈ Br(x̂), i.e. ‖x̂− xt‖ ≤ r
for all t ∈ [0, 1], hence we have that

‖T (z)−T (x)‖ ≤ ‖z − x‖

∫ 1

0

‖DT (xt)‖ dt

≤ ‖z − x‖

∫ 1

0

‖DT (x̂− (x̂− xt)‖ dt

≤ ‖z − x‖

(∫ 1

0

‖DT (x̂)‖ dt+

∫ 1

0

‖DT (x̂− (x̂− xt))−DT (x̂)‖ dt

)

≤ ‖z − x‖ (Z1 + Z2(r)) ,

hence if (3.18b) holds in addition to (3.18a), then T must be a contraction on
Br̂(x̂).

Remark 3.3.2. In practice, the Z2 bound is often chosen to be polynomial (or
even constant) in r. Furthermore, the inequality in (3.18a) is clearly equivalent to

p(r̂)
def
= Y +

(
Z1 +

1

2
Z2(r̂)− 1

)
r̂ < 0.

This polynomial is called the radii polynomial. In the case where Z2 is linear, the
further requirement provided by (3.18b) is then equivalent to p′(r̂) < 0.

When we place Theorem 3.3.1 in the context of our the map F and the
approximate inverse A, we can sum up the results in this section in the following
corollary.
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Corollary 3.3.3. Let F : X → X ′ be differentiable and let A : X ′ → X be an
injective linear map. If there exist an x̂ ∈ X, bounds Y, Z1 and Z2, and a radius r̂
such that the map T (x) = x−AF(x) satisfies the assumptions in Theorem 3.3.1,
then there exists a unique x ∈ Br̂(x̂) ⊂ X such that F(x) = 0.

Remark 3.3.4 (Interval Arithmetic). The estimates appearing in Theorem 3.3.1
depend explicitly on a computer-obtained approximate numerical solution. Hence
the Y and Z bounds will also have to be calculated using a computer. One problem
is that such calculations are prone to rounding errors caused by floating-point
operations.

To make our computations rigorous, instead of just numerical, we therefore
need a way to rigorously bound the rounding errors that accumulate during the
calculation of Y and Z. The standard way to do this is by making use of an
interval-arithmetic library [96, 120].

For the calculations done in this chapter, the Intlab library for Matlab was used
[106, 105].

From here on out, we will use the Banach spaces XR,m
ν and XC,m

ν that we

introduced in Section 3.2.3 and solely focus on the functions F : XR,m
ν → XC,m

ν+ we
obtained in Section 3.2.1. The first obstacle in using Theorem 3.3.1 is obtaining the
approximate inverse. Because of our restriction of F to the Banach space XR,m

ν ,
the construction of the approximate inverse, in Section 3.3.3, will be a little more
subtle then described above. We will spend the following sections providing the
necessary functional analytic setup to construct this approximate inverse and a
version of Corollary 3.3.3, suitable for the type of functions described in 3.2.1. This
result is formulated in Proposition 3.3.13.

The remainder of the chapter will then be dedicated to providing the means to
calculate the Y and Z bounds needed to apply Proposition 3.3.13.

The truncated function

In order to compute the approximate solution as well as the approximate inverse
mentioned in the previous section, we will need to truncate the map F . To this end,
we observe that each of the examples covered in Section 3.2.2 can be decomposed
in the following way:

F(x) = F(η, c) =

(
H(c)
G(η, c)

)
,

where H : ℓ1,mν → C
m represents the boundary/phase conditions and where

G : XR,m
ν = R

m × ℓ1,mν → ℓ1,mν+ encodes the differential equations. In particular,
the map H is affine, meaning that we can write H(c) = Ec − h, where E :
ℓ1,mν → C

m is linear and where h ∈ C
m. Furthermore, each of the components of

G = (G0, . . . , Gm−1) with Gj(η, c) ∈ ℓ1ν+ satisfies

G(η, c)jk = ikϑcjk + convolution terms.

Note that the convolution terms will depend on η and might include zeroth
convolution powers of c as well. This means that particularly for large |ϑk|,
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the (diagonal) ikϑcjk term will be dominant, which implies that for large |ϑk| it
is reasonable to approximate G with a diagonal operator. This motivates the
following definitions.

Definition 3.3.5. Let K : ℓ1ν → ℓ1ν+ be as in Definition 3.2.8 (or Lemma 3.2.21).

We then define the operator K : ℓ1,mν → ℓ1,mν+ by

K
def
= diag(K, . . . ,K).

Furthermore, we define for a fixed and given ϑ > 0 the diagonal operators Ω̃ϑ :
ℓ1ν → ℓ1ν+ and Ω̃ϑ : ℓ1,mν → ℓ1,mν+ by

Ω̃ϑ
def
= iϑK Ω̃ϑ

def
= iϑK.

Using this notation, we see that we can write

G = Ω̃ϑ + convolution terms.

Of course Ω̃ is not invertible, but when restricting to the tail, i.e., those indices
for which |k| > n > 0, it is. In the following we choose n > 0 to be the number of
modes after which we wish to truncate F .

Definition 3.3.6. We define for a fixed and given ϑ > 0 the diagonal operator
Ωϑ : πn,∞ℓ1ν → πn,∞ℓ1ν+ by

(Ωϑc)k
def
= ikϑck, i.e., Ωϑ = iϑKπn,∞.

We define the inverse operator Ω−1
ϑ : πn,∞ℓ1ν+ → πn,∞ℓ1ν by

(Ω−1
ϑ c)k

def
=

1

ikϑ
ck.

Finally, we define the extended operators Ωϑ : πn,∞ℓ1,mν → πn,∞ℓ1,mν+ and Ω−1
ϑ :

πn,∞ℓ1,mν+ → πn,∞ℓ1,mν by

Ωϑ
def
= diag(Ωϑ, . . . ,Ωϑ) and Ω−1

ϑ
def
= diag(Ω−1

ϑ , . . . ,Ω−1
ϑ ).

Using this formalism, we use traditional numerical techniques in order to
calculate an approximate solution x̂ = (η̂, ĉ) ∈ R

m × C
m(2n+1) satisfying

(
Eĉ− h
πnG(η̂, ĉ)

)
≈ 0,

where we used the affine formulation of H(c) = Ec − h to represent the phase
condition. This approximate solution of the truncation of F is also an approximate
solution of the full-dimensional approximation Fn : Rm × ℓ1,mν → C

m × ℓ1,mν+ of F
given by

Fn(η, c)
def
=




Ec− h
πnG(η,πnc)
Ωη0π

n,∞c


 .

The benefit of working with this map Fn is that it is relatively easy to calculate
and invert its derivative, as discussed in the following section.
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The approximate inverse

In the following part, we will construct an operator A : XC,m
ν+ → XC,m

ν that
approximates the inverse of DF . However, since the domain of F was specifically
chosen to be XR,m

ν (see Remark 3.2.9), we will need to make a few modifications
to the theory behind Theorem 3.3.1 and Corollary 3.3.3 to obtain an analogous
result for A and F , see Section 3.3.4.

Remark 3.3.7. The diagonals Ωϑ̂, Ω−1

ϑ̂
related to Fn all depend on the approxi-

mate frequency η̂0 = ϑ̂. We will from now on suppress the dependency of ϑ̂, except
where needed.

Recall now that in the examples covered in Section 3.2.2, the affine function
H(c) = Ec− h is always given by a simple summation over the coefficients of c.
When inverting the derivative of Fn, we will see that this operator E will interact
with Ω−1 = Ω−1

ϑ̂
. To deal with these interactions, we introduce the following

operators.

Definition 3.3.8. We define E : ℓ1ν → C by

E : c 7→
∑

k∈Z

ck.

Equivalently, we can define E ∈ ℓ∞ν by Ek = 1 for all k ∈ Z.
We define the row-operator ω−1 : πn,∞ℓ1ν+ → C by

ω−1 = EΩ−1.

Note that ω−1 ∈ πn,∞ℓ∞ν+ is simply given by ω−1
k = 1/ikϑ and hence Ω−1 =

diag(ω−1).
Finally we define the operators E : ℓ1,mν → C

m and ω−1 : πn,∞ℓ1,mν+ → C
m by

E
def
= diag(E, . . . , E) and ω−1 = diag(ω−1, . . . , ω−1).

Since we have a natural inclusion C
m(2n+1) ⊂ ℓ1,mν , we can write E = Eπn +

Eπn,∞. With respect to this decomposition we will write E as a block row matrix
by setting

E =
(
Eπn Eπn,∞

)
.

Using this notation the derivative of Fn, can be written as a linear map
A† : XR,m

ν → XC,m
ν+ , given by

A† def
= DFn(x̂) =




0 Eπn Eπn,∞

V A† 0
0 0 Ω


 ,

where A† and V are finite-dimensional.
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The operator V : Rm → πnℓ1,mν+ has a natural extension to an operator V :

C
m → πnℓ1,mν+ obtained by setting

V (z) = V Re(z) + iV Im(z).

This “complexification” of V then satisfies V = V ιm, where ιm : R
m → C

m

is the inclusion. We similarly have a natural extension of A† to an operator
A† : XC,m

ν → XC,m
ν+ , which is given by

A† def
=




0 Eπn Eπn,∞

V A† 0
0 0 Ω


 , (3.19)

satisfying A† = A†ι, where ι : XR,m
ν → XC,m

ν is the inclusion.
If we then calculate (complex) matrices M,P,Q and A such that

(
M P
Q A

)(
0 Eπn

V A†

)
= J ≈ Id,

then it follows that PV ≈ Idm (them×m identity) and therefore PV = PV ιm ≈ ιm.
Furthermore, we have that



M P −MEπn,∞Ω−1

Q A −QEπn,∞Ω−1

0 0 Ω−1






0 Eπn Eπn,∞

V A† 0
0 0 Ω


 =

(
J 0
0 Id

)
,

i.e., while the finite-dimensional part of A† is inverted approximately, the infinite-
dimensional part is inverted exactly.

Hence, if we assume that we have numerically calculated the matrices M,P,Q
and A, then the approximate inverse of A†, denote by A : XC,m

ν+ → XC,m
ν is given

by

A
def
=



M P −Mω−1

Q A −Qω−1

0 0 Ω−1


 . (3.20)

This construction ensures that AA† ≈ Id, the identity on XC,m
ν . Similarly, it

follows that AA† ≈ ι.

Remark 3.3.9. This particular construction of the approximate inverse will allow
us to obtain tight bounds on the terms originating from exact scalar equations.
In particular, this method produces smaller bounds, and therefore improves on
previous methods dealing with exact scalar equations [81, 125].

More generally, the approach described above is well suited to systems where
exact phase-conditions are needed or where other quantities, like the period or
energy level need to be fixed. In particular, this approach could be useful when
considering Hamiltonian systems where the energy needs to be fixed in order to
isolate periodic orbits.
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Real solutions and symmetric sequence spaces

Until now, we have solely focussed on using complex Fourier-series to find solutions
to our DDEs. What we have skimmed over thus far is the problem of making sure
these solutions are real-valued. A function u : R→ C defined by its Fourier series
c ∈ ℓ1ν takes on real values if and only if c is symmetric in the sense that c−k = ck
for all k ∈ Z. We therefore need an argument to show that the solution obtained
from our computer assisted proof satisfies this symmetry. In practice, this result
will follow from the following addendum to the Banach fixed-point theorem.

Lemma 3.3.10. Let X be a complete metric space and B,S ⊂ X be closed. Let
T : X → X be such that T (B) ⊆ B and T (S) ⊆ S. If T is a contraction on B and
B ∩ S 6= ∅, then T has a unique fixed point in B ∩ S.

Proof. Clearly T (B ∩ S) ⊆ B ∩ S, hence T is also a contraction on B ∩ S. The
result then follows by direct application of the Banach fixed-point theorem.

From this it follows that we need to show that the space of symmetric solutions
is closed and that the Newton-like operator constructed at the start of this section
also respects this symmetry. The next couples of lemmas will enumerate the results
needed to conclude this.

Let us denote the closed subspace of symmetric sequences, (ℓ1ν)sym ⊂ ℓ1ν by

(ℓ1ν)sym
def
=
{
c ∈ ℓ1ν : c−k = ck, for all k ∈ Z

}
.

We then make the following observations.

Lemma 3.3.11. Suppose a, b ∈ (ℓ1ν)sym, then the following all hold.

1. (ℓ1ν)sym is a closed real subspace of ℓ1ν .

2. The convolution a ∗ b ∈ (ℓ1ν)sym.

3. If L : ℓ1ν → ℓ1ν+ satisfies L−j,−k = Lj,k then La ∈ (ℓ1ν+)sym, hence L maps
(ℓ1ν)sym to (ℓ1ν+)sym.

4. If φ ∈ ℓ∞ν such that φ−k = φk, then φ(a) ∈ R, hence φ maps (ℓ1ν)sym to R.

5. For ϑ ∈ R, the diagonal operator dτ (ϑ) satisfies dτ (ϑ)a ∈ (ℓ1ν)sym, hence
dτ (ϑ) maps (ℓ1ν)sym to itself.

6. The diagonal operators Ω and Ω−1 map (ℓ1ν)sym to (ℓ1ν+)sym and (ℓ1ν+)sym to
(ℓ1ν)sym, respectively.

The symmetry on ℓ1ν extends naturally to a symmetry on ℓ1,mν . The correspond-
ing symmetric subspace we denote by (ℓ1,mν )sym ⊂ ℓ1,mν . On this space we make
the following observations.

Lemma 3.3.12. Let F be as in Section 3.2.2 and let A be as in (3.20). Further-
more, let T : XR,m

ν → XC,m
ν be given by T (x) = x −AF(x). Then the following

all hold.
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1. F maps R
m × (ℓ1,mν )sym to R

m × (ℓ1,mν+ )sym.

2. If we construct M such that M ∈ R
m×m, construct P , Q and A such that

for j1, j2 ∈ {0, . . . ,m− 1} and |k1|, |k2| ≤ n

Aj1,j2−k1,−k2
= Aj1,j2k1,k2

, P j1,j2−k = P j1,j2k and Qj1,j2−k = Qj1,j2k ,

then A maps R
m × (ℓ1,mν+ )sym to R

m × (ℓ1,mν )sym.

3. If A is as above, then operator T (x) = x−AF(x) maps R
m × (ℓ1,mν )sym to

R
m × (ℓ1,mν )sym.

We can now apply these observations, in combination with Lemma 3.3.10, to
any solution found using the radii polynomials from Theorem 3.3.1, resulting in
the following, modified version of Corollary 3.3.3.

Proposition 3.3.13. Let F : XR,m
ν → XC,m

ν+ and A : XC,m
ν+ → XC,m

ν satisfy the
symmetries from Lemma 3.3.11 and Lemma 3.3.12, and let A be injective. Let
T : XR,m

ν → XC,m
ν be given by T (x) = x − AF(x) and let x̂ ∈ R

m × (ℓ1,mν )sym.
Furthermore suppose there exist Y, Z1 > 0 and Z2 : R+ → R

+ such that

‖T (x̂)− x̂‖1,ν ≤ Y (3.21a)

‖DT (x̂)‖ ≤ Z1 (3.21b)

and such that for every r > 0 and ‖y‖ ≤ 1,

‖DT (x̂ + ry)−DT (x̂)‖ ≤ Z2(r)‖y‖. (3.21c)

If there exists a radius r̂ > 0 such that

Y +

(
Z1 +

1

2
Z2(r̂)

)
r̂ < r̂ (3.22a)

Z1 + Z2(r̂) < 1 (3.22b)

then F has a unique zero in R
m × (ℓ1,mν )sym.

Proof. Let us define J : XC,m
ν → XR,m

ν by setting

J =

(
Re 0
0 Id

)
.

Let us now define T̃ : XR,m
ν → XR,m

ν by setting T̃ = J T . Since ‖J ‖ = 1, it follows
that

‖T̃ (x̂)− x̂‖1,ν = ‖J T (x̂)− J x̂‖1,ν ≤ ‖J ‖‖T (x̂)− x̂‖1,ν = ‖T (x̂)− x̂‖1,ν ,

where we used that J x̂ = x̂. Similarly, we have for ever x that

‖DT̃ (x)‖ = ‖JDT (x)‖ ≤ ‖J ‖‖DT (x)‖ = ‖DT (x)‖.
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Hence, if we have bounds Y and Z as above, then it follows that the same estimates
hold for T̃ . But this means, by Theorem 3.3.1, that T̃ is a contraction on some
ball Br(x̂) in XR,m

ν , hence it must have a unique fixed point x ∈ Br(x̂) ⊂ XR,m
ν .

Furthermore, since x̂ ∈ R
m × (ℓ1,mν )sym we have by Lemma 3.3.10 that x ∈

R
m × (ℓ1,mν )sym.

Now note that since T̃ (x) = x and since Jx = x, we must have that JAF(x) =
0. By Lemma 3.3.12, AF(x) ∈ R

m × (ℓ1,mν )sym, hence it follows that AF(x) = 0.
Because A : XC,m

ν → XC,m
ν is injective, we conclude that F(x) = 0.

Since our map F preserves the symmetry, it follows that derivative does as
well. Hence any “good” approximation of the derivative and its inverse should also
preserve the symmetry. In practice we see that when using standard methods of
computing the (numerical parts of) the approximate inverse, we end up with a
matrix that is indeed machine-precision (10−16) close to a matrix satisfying the
symmetry assumptions in Lemma 3.3.12. In other words, imposing the symmetry
condition (also) on the numerical part of A does not “worsen” our approximate
inverse in any significant way.

Pseudo-convolutions

As mentioned before, one of the main strengths of using ℓ1 spaces when working
with periodic solutions is the behaviour of the convolution product. As we will
need to compute derivative of convolutions when computing the Z bounds, we will
look in detail at some maps one can construct from convolutions.

Definition 3.3.14. Let a ∈ ℓ1ν be fixed, then we define the convolution operator
C(a) : ℓ1ν → ℓ1ν by

C(a) : c 7→ a ∗ c.

The map C(a) is clearly linear and bounded since ‖C(a)‖ = ‖a‖1,ν . Furthermore,
it can be represented by the matrix C(a)j,k = aj−k. In particular, if a has finite
length, in the sense that a ∈ C

2n+1 ⊂ ℓ1ν , then C(a)j,k = 0 whenever |j − k| > n.
As can be seen from Section 3.2.2, often these convolutions do not appear by

themselves, but in expressions of the form

a ∗ dτ (ϑ)b.

In many ways, especially when it comes to ℓ1 estimates, the map (a, b) 7→ a∗dτ (ϑ)b
still behaves like a convolution. We will use this notion to introduce the concept of
a pseudo-convolution and pseudo-convolution operators.

Definition 3.3.15. Let S ∈ C
Z×Z be such that |Sj,k| ≤ 1 for all j, k ∈ Z, then we

define for a, b ∈ ℓ1ν the pseudo-convolution associated with S as

(a ∗S b)k =
∑

k1+k2=k

Sk1,k2ak1bk2 .

For fixed a ∈ ℓ1ν , we then define the pseudo-convolution operator ΓS(a) by

ΓS(a) : c 7→ a ∗S c.
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It is immediately clear that if Sj,k = 1 for all j, k ∈ Z, then a ∗S b = a ∗ b.
Furthermore, the following results are easy to check.

Lemma 3.3.16. Let S ∈ C
Z×Z be such that |Sj,k| ≤ 1 for all j, k ∈ Z. Then the

following all hold.

• For every a, b ∈ ℓ1ν , a ∗S b ∈ ℓ
1
ν and ‖a ∗S b‖1,ν ≤ ‖a‖1,ν‖b‖1,ν .

• For every a ∈ ℓ1ν , ΓS(a) : ℓ1ν → ℓ1ν and ‖ΓS(a)‖ ≤ ‖a‖1,ν .

• For every a ∈ ℓ1ν and j, k ∈ Z we have ΓS(a)j,k = Sj−k,kaj−k.

• For every a ∈ ℓ1ν and j, k ∈ Z we have |ΓS(a)j,k| ≤ |aj−k|.

The derivative and shift operators K and dτ (θ) also interact in a very elementary
way with (pseudo)-convolutions. On the function space side of things, the derivative
operator satisfies the Leibniz rule and the shift operator acts distributively on
products. Hence we can expect similar identities to hold for the operators K and
dτ (ϑ). This motivates the following result.

Lemma 3.3.17. Let S ∈ C
Z×Z be such that |Sj,k| ≤ 1 for all j, k ∈ Z. Then for

every a, b ∈ ℓ1ν we have

K(a ∗S b) = (Ka) ∗S b+ a ∗S (Kb)

dτ (ϑ)(a ∗S b) = (dτ (ϑ)a) ∗S (dτ (ϑ)b).

or equivalently, for every a ∈ ℓ1ν

KΓS(a) = ΓS(Ka) + ΓS(a)K

dτ (ϑ)ΓS(a) = ΓS(dτ (ϑ)a)dτ (ϑ).

Proof. These identities can be found by simply writing out their definitions.

Finally, where more intricate terms are involved, it will be useful to have a
notion of polynomials constructed from pseudo-convolutions.

Definition 3.3.18. We say that γ is a pseudo-convolution polynomial if we can
write γ as a finite linear combination of c0, . . . , cm ∈ ℓ1ν :

γ =
N∑

j=1

ζjc
α0,j ∗S1,j . . . ∗Skj,j c

αkj,j ,

where ζj ∈ C, kj ∈ N, α0,j , . . . , αkj ,j ∈ {0, . . . ,m} and where each product
∗S1,j , . . . , ∗Skj,j is a pseudo-convolution.

Because the pseudo-convolution may change with every product in the polyno-
mial, the above definition is rather cumbersome. What is more important is that we
use the notion of a pseudo-convolution polynomial to generalise the Banach-algebra
property.
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Lemma 3.3.19. Let c0, . . . , cm ∈ ℓ1ν and let γ be a pseudo-convolution polynomial
in c0, . . . , cm. Then γ ∈ ℓ1ν and

‖γ‖1,ν ≤
N∑

j=1

kj∏

k=0

|ζj |‖c
αk,j‖1,ν .

Estimates of operators

We will finish this section by listing a couple of lemmas that will prove essential in
obtaining (relatively) sharp Y and Z bounds. Most of these estimates involve the
projection operators, diagonal operators and row operators we have defined before.
Readers already comfortable with these type of functional analytic estimates may
wish to skim or skip this part and refer back to it as needed.

While the map Ω−1 : ℓ1ν+ → ℓ1ν is unbounded, the restriction of this operator as
a map ℓ1ν → ℓ1ν is bounded. We will use this fact in the following result.

Lemma 3.3.20. Let Ω−1 = Ω−1

ϑ̂
be as in Definition 3.3.6 and let K : ℓ1ν → ℓ1ν+

be as in Definition 3.2.8 (or Lemma 3.2.21). Furthermore let Ω̄−1 : ℓ1ν+ → ℓ1ν be
given by

Ω̄−1 =
1

ϑ̂(n+ 1)
πn + Ω−1πn,∞,

then Ω̄−1 : ℓ1ν → ℓ1ν and Ω̄−1K : ℓ1ν → ℓ1ν are bounded and

‖Ω̄−1‖ =
1

ϑ̂(n+ 1)

‖Ω̄−1K‖ =
1

ϑ̂
.

Proof. These results follow directly from applying Lemma 3.2.19 to diagonal
operators.

Lemma 3.3.21. Let Ω̄−1 be as in the previous lemma, let c ∈ ℓ1ν and let ΓS(c) be
a pseudo-convolution operator. Then Ω̄−1ΓS(c)K is bounded and for all a ∈ ℓ1ν

‖Ω̄−1ΓS(c)Ka‖ ≤
1

ϑ̂
Cν‖a‖1,ν‖c‖1,ν ,

where the constant Cν is given by

Cν = max

{
1,

νn+1

(n+ 1)e log ν

}
.
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Proof. First note that

‖Ω̄−1ΓS(c)Ka‖1,ν ≤
∑

k′

ν|k
′|
∑

k

|Ω̄−1
k′,k|

∑

k1+k2=k

|ck1 ||ak2 ||k2|

≤
∑

k′

∑

k1,k2

ν|k
′||Ω̄−1

k′,k1+k2
||ck1 ||ak2 ||k2|

≤
∑

k1,k2

∑

k′

ν|k
′|−|k1|−|k2||Ω̄−1

k′,k1+k2
||k2|ν

|k1|+|k2||ck1 ||ak2 |

≤ ‖a‖1,ν‖c‖1,ν sup
k1,k2

∑

k′

ν|k
′|−|k1|−|k2||Ω̄−1

k′,k1+k2
||k2|,

hence we need a uniform bound for the expression

sup
k1,k2

∑

k′

ν|k
′|−|k1|−|k2||Ω̄−1

k′,k1+k2
||k2|. (3.23)

Our first observation is that the sum in (3.23) is dominated by the symmetric
expression

(|k1|+ |k2|)ν
−|k1|−|k2|

∑

k′

ν|k
′||Ω̄−1

k′,k1+k2
|. (3.24)

Now suppose |k1 + k2| ≤ n, then Ω̄−1
k′,k1+k2

6= 0 if and only if |k′| ≤ n as well.
This means that (3.24) can be estimated as follows

(|k1|+ |k2|)ν
−|k1|−|k2|

∑

k′

ν|k
′||Ω̄−1

k′,k1+k2
|

= (|k1|+ |k2|)ν
−|k1|−|k2|

∑

|k′|≤n

ν|k
′||Ω̄−1

k′,k1+k2
|

≤ (|k1|+ |k2|)ν
−|k1|−|k2| sup

|k|≤n

∑

|k′|≤n

ν|k
′||Ω̄−1

k′,k|

≤
1

e log ν
νn

1

ϑ̂(n+ 1)
,

where we used the fact that Ω̄−1
k′,k = δk′,k

1
ϑ̂(n+1)

and that

sup
x≥0

xν−x =
1

e log ν
.

Now suppose |k1 + k2| > n, then Ω̄−1
k′,k1+k2

6= 0 if and only if k′ = k1 + k2.
Furthermore, let us define κ = |k1|+ |k2|−|k1 +k2|. Then by the triangle inequality
κ ≥ 0. This means we can write (3.24) as

(|k1|+ |k2|)ν
−|k1|−|k2|

∑

k′

ν|k
′||Ω̄−1

k′,k1+k2
| =

1

ϑ̂

|k1|+ |k2|

|k1 + k2|
ν|k1+k2|−|k1|−|k2|

=
1

ϑ̂

(
1 +

κ

|k1 + k2|

)
ν−κ.
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Figure 3.2: A sketch of the entries of the pseudo-convolution operator ΓS(a) as
a Z × Z matrix. The light- and dark-grey part represents the nonzero entries
of ΓS(a). The darker grey area represents the nonzero entries of the operator
πn,∞ΓS(a)πn1,∞ for a ∈ C

2n′+1 ⊂ ℓ1ν with n < n′ and n1 = n+ n′.

But this means that for |k1 + k2| > n we can estimate (3.24) by

1

ϑ̂

(
1 +

κ

|k1 + k2|

)
ν−κ ≤

1

ϑ̂

(
1 +

κ

n+ 1

)
ν−κ

≤
1

ϑ̂
max

{
1,

νn+1

(n+ 1)e log ν

}
.

In the last inequality we used the fact that, for σ > 0,

sup
|x|>0

(
1 +

x

σ

)
ν−x = max

{
1,

νσ

σe log ν

}
=





1 if σ ≥ 1/ log ν
νσ

σe log ν
otherwise.

Since this is larger than the estimate for |k1 + k2| ≤ n, the result follows.

Next we estimate several operators that appear in the calculation of the Z1

bounds. These estimates involve cut-off versions of a pseudo-convolution operator
ΓS(a). It may be helpful to consult Figure 3.2 for the role that the various indices
play in this operator.

Lemma 3.3.22. Let n < n′ and set n1 = n+n′. Let a ∈ C
2n′+1 ⊂ ℓ1ν be such that

|a−k| = |ak|, let Γ = ΓS(a), with S as above and let Ω−1 = Ω−1

ϑ̂
be as in Definition

3.3.6. Then Ω−1πn,∞Γπn1,∞ : ℓ1ν → ℓ1ν is bounded and

‖Ω−1πn,∞Γπn1,∞‖ ≤
1

ϑ̂

n′∑

k=−n′

|ak|

n1 + 1 + k
νk
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Proof. Let us write M = Ω−1πn,∞Γπn1,∞, then clearly Mj,k = 0 whenever |k| ≤ n1
or |j| ≤ n, hence

‖M‖ = sup
k
ν−|k|

∑

j

ν|j|
∣∣(Ω−1πn,∞Γπn1,∞)j,k

∣∣

= sup
|k|>n1

ν−|k|
∑

|j|>n

ν|j|
∣∣(Ω−1πn,∞Γπn1,∞)j,k

∣∣

= sup
|k|>n1

ν−|k|
∑

|j|>n

ν|j|

ϑ̂|j|
|Γj,k|

≤ sup
|k|>n1

ν−|k|

ϑ̂

∑

|j|>n

ν|j|

|j|
|aj−k|,

where we used that ΓS(a)jk = 0 wheneven k > n1 and j ≤ n. Since |aj−k| = |ak−j |,
we can without loss of generality assume that j > n and that k > n1 > n, implying
that

‖M‖ ≤ sup
k>n1

ν−k

ϑ̂

∑

j>n

νj

j
|aj−k| = sup

k>n1

ν−k

ϑ̂

k+n′∑

j=k−n′

νj

j
|aj−k|

= sup
k>n1

ν−k

ϑ̂

n′∑

j=−n′

νj+k

j + k
|aj | = sup

k>n1

1

ϑ̂

n′∑

j=−n′

νj

j + k
|aj |

=
1

ϑ̂

n′∑

j=−n′

νj

j + n1 + 1
|aj |.

Lemma 3.3.23. Let n < n′, let a ∈ C
2n′+1 ⊂ ℓ1ν be such that |a−k| = |ak|, let

Γ = ΓS(a), with S as above and let ω−1 = ω−1

ϑ̂
be as in Definition 3.3.8. Finally,

let V : C → X be a bounded linear operator to some Banach space X and set
n1 = n+ n′, then the map V ω−1πn,∞Γπn1,∞ : ℓ1ν → X is bounded and

‖V ω−1πn,∞Γπn1,∞‖ ≤ ‖V ‖ν−(n+1)‖Ω−1πn,∞Γπn1,∞‖.

Proof. Note that since ω−1 = Eπn,∞Ω−1, we have

‖V ω−1πn,∞Γπn1,∞‖ ≤ ‖V ‖‖Eπn,∞‖1,∞‖Ω
−1πn,∞Γπn1,∞‖.

Since we have that ‖Eπn,∞‖1,∞ = ν−(n+1), the result follows.

Derivation of the Y and Z bounds for the Mackey-

Glass equation

In this section we will explicitly construct all the bounds that are necessary to
apply Theorem 3.3.1. In the following it will be helpful to recall from Section 3.3.2
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that we consider F : XR,m
ν → XC,m

ν+ of the form

F(x) = F(η, c) =

(
H(c)
G(η, c)

)
,

where H = (H0, . . . , Hm−1) : ℓ1,mν → C
m and G = (G0, . . . , Gm−1) : Rm×(ℓ1ν)m →

(ℓ1ν+)m. In particular, we have that H is given by the affine map H : c 7→ Ec− h,
while G can be written as

G(η, c) = iϑKc + convolution terms,

where we use the notation η0 = ϑ, i.e., η = (ϑ, η1, . . . , ηm−1).

The Mackey-Glass system

Instead of focussing on general estimates for the class of functions described above,
we consider it more instructive to provide these computations by means of an
example. We will therefore, throughout the remainder of this chapter, focus on
deriving the Y - and Z-bounds for the Mackey-Glass equation from Example 3.2.11.

The main simplification obtained from focusing on the Mackey-Glass system is
that it only depends on one delayed variable, namely c1. Recalling that for the
Mackey-Glass system, we have that m = 4 and using that η = (ϑ, η1, η2η3) we can
write the function G = (G0, . . . , G3) as

Gj(η, c) = iϑKcj + Φj(c) + Ψj(c) ∗ dτ (ϑ)c1 + Lj(η), (3.25)

where Φ = (Φ0, . . . ,Φ3) and Ψ = (Ψ0, . . . ,Ψ3) do not depend on η and where Lj

is given by

Lj =

{
0 if j = 0

−ηj , if j = 1, 2, 3.

Remark 3.4.1 (Other systems). The analysis below can also be easily adjusted
to suit the other examples from Section 3.2.1. In the case of Cooke’s equation from
Examples 3.2.1 and 3.2.10 we find that G can be described by

GjCooke(η, c) = iϑKcj + Φ(c) + Ψj(c) ∗ dτ (ϑ)(c0 ∗ c1) + Lj(η),

where Φ = (Φ0,Φ1) and Ψ = (Ψ0,Ψ1) do not depend on η = (ϑ, η1) and where

Lj =

{
0 if j = 0,

−η1 if j = 1.
.

Similarly, for the Ikeda equation from Examples 3.2.6 and 3.2.12, we can describe
G by

GjIkeda(η, c) = iϑKcj + η1Φ1,j(c) + η2Φ2,j(c) + Ψj(c) ∗ dτ (ϑ)c1,

where neither Ψ = (Ψ0,Ψ1,Ψ2) nor Φl = (0,Φl,1,Φl,2) with l = 1, 2 depend on
η = (ϑ, η1, η2).
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The Y bounds

Recall from Theorem 3.3.1 that the Y bound must satisfy

‖T (x̂)− x̂‖ = ‖AF(x̂)‖ ≤ Y,

where T (x) = x−AF(x) as in (3.16).
Since ĉ ∈ C

m(2n+1) ⊂ ℓ1,mν and G(η, c) is polynomial in c and dτ (ϑ)c1, there
exists an n′ > 0 such that Gj(η̂, ĉ)k = 0 for all |k| > n′ and j = 0, 1, 2, 3. In
particular, for the Mackey-Glass equation, n′ = 4n, since the Mackey-Glass system
(3.9) is polynomial of degree 4.

From this it follows that F(η̂, ĉ) only has finitely many nonzero terms, and
using n′ as above,

G(η̂, ĉ) = πn
′

G(η̂, ĉ) ∈ C
m(2n′+1).

Therefore all the nonzero elements of AF(x) are given by



M P −Mω−1πn,n

′

Q A −Qω−1πn,n
′

0 0 πn,n
′

Ω−1πn,n
′






H(ĉ)
πnG(η̂, ĉ)

πn,n
′

G(η̂, ĉ)


 ∈ C

m × C
m(2n′+1) ⊂ XC,m

ν .

In conclusion, the computation of the Y -bound reduces to a finite number of
computations, i.e., we can use interval arithmetic to compute Y such that

∥∥∥∥∥∥



M P −Mω−1πn,n

′

Q A −Qω−1πn,n
′

0 0 πn,n
′

Ω−1πn,n
′






H(ĉ)
πnG(η̂, ĉ)

πn,n
′

G(η̂, ĉ)



∥∥∥∥∥∥
≤ Y. (3.26)

The Z bounds.

Recall from Theorem 3.3.1 that Z1 ≥ 0 must satisfy

‖DT (x̂)‖ = ‖ι−ADF(x̂)‖ ≤ Z1,

where ι : XR,m
ν → XC,m

ν is the natural inclusion. Since we have constructed the
approximate inverse A by means of an approximate derivative A† ≈ DF(x̂), it is
natural to decompose the Z1 estimate as

‖ι−ADF(x̂)‖ ≤ ‖ι−AA†‖︸ ︷︷ ︸
≤Z0

+ ‖A(DF(x̂)−A†)‖︸ ︷︷ ︸
≤Z1

. (3.27)

Likewise, Z2 : R+ → R+ must satisfy

‖DT (x̂ + ry)−DT (x̂)‖ = ‖A(DF(x̂ + ry)−DF(x̂))‖ ≤ Z2(r)‖y‖,

for all ‖y‖ ≤ 1. The most straightforward way to estimate this is by using a version
of the mean-value theorem. This requires the computation of a second derivative of
F . In particular, this means that in this term we will encounter terms involving the
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operator ∂2ϑdτ (ϑ) = −τ2K2dτ (ϑ), hence we may need estimates for terms involving
‖Ω−1(K2a) ∗S b‖, for unknown a, b ∈ ℓ1ν . Unfortunately, this cannot be done, since
Ω−1K2 is not bounded on ℓ1ν and the convolution does not help to temper this.

To circumvent this problem, we write y = (λ,a) ∈ XR,m
ν (with λ ∈ R

m and
a ∈ ℓ1,mν ), introduce the variable y = (λ, 0) ∈ XR,m

ν , and decompose the Z2 bound
as

‖DT (x̂ + ry)−DT (x̂)‖ ≤

‖A(DF(x̂ + ry)−DF(x̂ + ry))‖︸ ︷︷ ︸
≤Z2(r)

‖y‖+ ‖A(DF(x̂ + ry)−DF(x̂))‖︸ ︷︷ ︸
≤Z3(r)

‖y‖.

(3.28)

Note here that the Z2 bound here only requires differentiation with respect to
η once. Conversely, in the Z3 bound we do differentiate with respect to η twice.
However, as we will be made evident in Section 3.4.3, where we compute this bound,
the K2 operator that appears in this bound will solely act on the components of ĉ,
not on those of a. Since ĉ = (ĉ0, . . . , ĉm) only has finitely many nonzero elements,
we have that K2ĉj ∈ ℓ1ν for every 0 ≤ j ≤ m, hence this term poses no problems.

We conclude this section by providing step-by-step estimates for each of the
terms in (3.27) and (3.28).

The Z0 bound

This bound is by far the simplest Z bound to compute, hence we will be concise in
our derivation. We first observe that, analogously to Corollary 3.2.23,

‖ι−AA†‖ = ‖ι−AA†ι‖ ≤ ‖ Id−AA†‖‖ι‖ ≤ ‖ Id−AA†‖,

where A† : XC,m
ν → XC,m

ν+ is the natural extension of A† : XR,m
ν → XC,m

ν+ , see
(3.19), and where Id is the identity on XC,m

ν .
Next, we note that Ω−1Ω = πn,∞, hence we can write

AA† =



M P −Mω−1

Q A −Qω−1

0 0 Ω−1






0 Eπn Eπn,∞

V A† 0
0 0 Ω




=



PV MEπn + PA† 0
AV QEπn +AA† 0
0 0 Idn,∞


 ,

where Idn,∞ denotes the identity on πn,∞ℓ1,mν . This means that the Z0 bound
must satisfy

‖ Id−AA†‖ =

∥∥∥∥∥∥



PV MEπn + PA† 0
AV QEπn +AA† 0
0 0 0



∥∥∥∥∥∥
≤ Z0.

In conclusion, we obtain a linear operator, whose nonzero part is given by a
m(2n+ 2)×m(2n+ 2)-matrix and whose norm can thus be calculated, with a finite
computation, using Corollary 3.2.22. This norm provides us with the Z0 bound.
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The Z1 bound

We wish to find a bound Z1 satisfying

‖A(DF (x̂)−A†)‖ ≤ Z1.

Let us denote the derivative with respect to the Fourier coordinates by Dc and
the derivative with respect to the scalar variables as Dη. Next, we introduce the
shorthand

DηG = DηG(η̂, ĉ)

DcG = DcG(η̂, ĉ).

We then consider

DF (x̂)−A† =



0 Eπn Eπn,∞

πnDηG πnDcGπ
n πnDcGπ

n,∞

πn,∞DηG πn,∞DcGπ
n πn,∞DcGπ

n,∞


−




0 Eπn Eπn,∞

V A† 0
0 0 Ω


 .

Now we choose n1 such that each component G(x̂)k with |k| ≤ n only depends
on these xk with |k| ≤ n1. Furthermore, we choose n2 ≥ n1 such that G(x̂)k with
|k| ≤ n2 depends only on xk with |k| ≤ n1. For Macky-Glass, n1 = n′ + n = 5n
and n2 = 2n′ + n = 9n, see also Figure 3.2).

Then we split the derivative into further blocks to obtain the following

DF (x̂)−A† =



Ω̃0 0 0 0
πnDηG− V πnDcGπ

n −A† πnDcGπ
n,n1 0

πn,n2DηG πn,n2DcGπ
n πn,n2(DcG− Ω̃)πn,n1 πn,n2(DxG− Ω̃)πn1,∞

0 0 0 πn2,∞(DcG− Ω̃)πn1,∞


 .

Note that here we used the extended Ω̃, which satiesfies πn,∞Ω̃ = Ω.
Hence, after multiplying with the approximate inverse, we can write this as

A(DF (x̂)−A†) =



−Mω−1πn,∞(DcG− Ω̃)πn1,∞

m(2n2 + 2)×m(2n1 + 2) −Qω−1πn,∞(DcG− Ω̃)πn1,∞

Ω−1πn,∞(DcG− Ω̃)πn1,∞

0


 .

(3.29)

The block in the top-left corner is a finite matrix representing a map from R
m ×

C
m(2n1+2) to C

m × C
m(2n2+2), whose norm we can calculate using Corollaries

3.2.22 and 3.2.23. Let us denote this norm by Z1
finite. To analyse the block on the

top-right, we write

W =

(
M
Q

)
,
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where W is a (m(2n+2)×m) matrix and we denote W j ∈ C
m×C

m(2n+1) ⊂ XC,m
ν

as the j-th “column” of W . Furthermore, we denote Γ = DcG− Ω̃ and observe
that, since the iϑK terms cancel exactly, we can view this operator as a m×m
block-matrix, such that each of the blocks Γj,j

′

: ℓ1ν → ℓ1ν is a pseudo-convolution
operator for j, j′ = 0, . . . ,m− 1.

Then we can view the top-right block as a 1 ×m block-matrix, where each
block is an operator given by

[
Wω−1πn,∞Γπn1,∞

]j′
=

m−1∑

j=0

W jπn,∞ω−1Γj,j
′

πn1,∞,

and where each of the terms in the sum can be estimated using Lemma 3.3.23.
Similarly we can view the bottom-right block as an m×m block-matrix, where

each block is an operator is given by

[
Ω−1πn,∞Γπn1,∞

]j,j′
= Ω−1πn,∞Γj,j

′

πn1,∞.

If we combine this with the top-right operator, we find that we can estimate norm
of the full right-block of (3.29) by

max
0≤j′≤m−1



m−1∑

j=0

∥∥∥W jπn,∞ω−1Γj,j
′

πn1,∞
∥∥∥+

m−1∑

j=0

∥∥∥Ω−1πn,∞Γj,j
′

πn1,∞
∥∥∥


 .

It then follows that this expression can in turn be estimated by a constant Z1
∞

that satisfies

Z1
∞ ≥ max

0≤k≤m−1

m−1∑

j=0

Λj,j
′

,

where Λj,j
′

≥ 0 is given by

Λj,j
′ def

= (1 + ‖W j‖ν−(n+1))
∥∥∥Ω−1πn,∞Γj,j

′

πn1,∞
∥∥∥ ,

where applied Lemma 3.3.23, and which can in turn can be estimated by using
Lemma 3.3.22. Hence we can calculate bounds Z1

finite and Z1
∞ such that

‖A(DF (x̂)−A†)‖ ≤ Z1 = max{Z1
finite,Z

1
∞}.

The Z2 bound

Recall now that the Z2 bound requires us to estimate, for ‖y‖ ≤ 1,

‖A(DF(x̂ + ry)−DF(x̂ + ry))‖ = ‖A(DF(η̂ + rλ, ĉ + ra)−DF(η̂ + rλ, ĉ))‖.

Let us also take z = (µ, b) ∈ XR,m
ν and write

A(DF(x̂ + ry)−DF(x̂ + ry))z =
∫ r

0

d

ds

d

dt
AF(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

ds,
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then it suffices to obtain an estimate for all ‖y‖, ‖z‖ ≤ 1 and 0 ≤ s ≤ r of
∥∥∥∥
d

ds

d

dt
AF(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

∥∥∥∥ . (3.30)

Now recall that we set F = (H,G), where H represents the phase-conditions.
However, the function H is linear, which implies that all second derivatives of H
will vanish. This means that we can, without loss of generality, only look at how
these second derivatives act on G. In particular, this means that it suffices to look
at the part of A that acts on ℓ1ν , i.e.,



P −MEπn,∞Ω−1

A −QEπn,∞Ω−1

0 Ω−1


 . (3.31)

Now observe that if we construct matrices A0 : ℓ1,mν → XC,m
ν , Ω̃ : ℓ1ν+ → ℓ1ν and

Ω̃ : ℓ1,mν+ → ℓ1,mν such that

A0 =



ϑ̂(n+ 1)P −MEπn,∞

ϑ̂(n+ 1)A −QEπn,∞

0 Id




Ω̄−1 =

( 1
ϑ̂

1
n+1 Id 0

0 Ω−1

)

Ω̄
−1

= diag(Ω̄−1, . . . , Ω̄−1),

then the matrix in (3.31) becomes equal to simply A0Ω̄
−1

. Writing M,P,Q and
A as m×m block-matrices, we find using Corollary 3.2.22 that

‖A0‖ = max
0≤k1≤m−1



ϑ̂(n+ 1) max

|k2|≤n
ν−|k2|

m−1∑

j1=0


|P j1,k1k2

|+
∑

|j2|≤n

ν|j2||Aj1,k1j2,k2
|


 ,

1 + ν−|(n+1)|
m−1∑

j1=0


|M j1,k1 |+

∑

|j2|≤n

ν|j2||Qj1,k1j2
|





 .

Remark 3.4.2. The decomposition of the block-matrix from (3.31) into A0 and

Ω̄
−1

is actually optimal from a Banach-algebra perspective, i.e. ‖A0Ω̄
−1
‖ =

‖A0‖‖Ω̄
−1
‖. This is due to the fact that the sup (over the sums of the columns)

appearing in Corollary 3.2.22, is attained in the inner-most columns of each block
(i.e. in the (n+ 1)-th and (−n− 1)-th column).

Let us now apply this notation to (3.30). We then have that
∥∥∥∥
d

ds

d

dt
AF(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

∥∥∥∥

=

∥∥∥∥
d

ds

d

dt
A0Ω̄

−1
G(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

∥∥∥∥.
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Since we have constructed the norm on XC,m
ν by taking the sum of ℓ1 norms,

the above norms can now be decomposed as
∥∥∥∥
d

ds

d

dt
AF(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

∥∥∥∥

≤ ‖y‖ max
0≤j,k≤m−1

{∥∥∥A0Ω̄
−1
∂ηj∂ckG(η̂ + rλ, ĉ + sa)

∥∥∥ ,
∥∥∥A0Ω̄

−1
∂cjckG(η̂ + rλ, ĉ + sa)

∥∥∥
}

(3.32)

where we used that ‖z‖ = ‖(µ, b)‖ ≤ 1 and that ‖a‖ ≤ ‖y‖ = ‖(λ,a)‖, and where

we understand the norm of the bilinear operator A0Ω̄
−1
∂cjckG(. . .) : ℓ1,mν × ℓ1,mν →

ℓ1,mν to be defined as

‖A0Ω̄
−1
∂cjckG(. . .)‖

def
= sup

‖a′‖,‖b′‖≤1

‖A0Ω̄
−1
∂cjckG(. . .)(a′, b′)‖1,ν .

Let us now apply this to the Mackey-Glass system as given in (3.25). We
first observe that the Mackey-Glass system only depends linearly on η1, η2 and η3,
hence all second partial derivatives involving differentiation to at least one of these
variables will vanish. Only the η0 = ϑ term will be relevant.

Furthermore, we see that (3.32) has repeated occurrences of terms involving
ĉ + sa ∈ ℓ1,4ν . To simplify some notation involving these terms, it will be useful to
introduce the notation

ãs = ĉ + sa.

While we do know now that ‖ãs‖ ≤ ‖ĉ‖ + s‖a‖ ≤ ‖ĉ‖ + r, we do not a-priori
know the value of r. In fact, r can only be determined after we have properly
calculated all Y and Z bounds. However, we can make the assumption that r ≤ r∗

for some r∗ > 0. If we then calculate all bounds using this assumption, and then
verify that there exists an r̂ ≤ r∗ satisfying Theorem 3.3.1, then the assumption
that r ≤ r∗ was justified. Hence, we will from now on assume the existence of
such an r∗ > 0, and therefore ‖ãs‖ ≤ ‖ĉ‖ + r∗. Note that for the components
ãs = (ã0s, . . . , ã

3
s) ∈ ℓ

1,4
ν , we then also know that ‖ãjs‖1,ν ≤ ‖ĉ

j‖1,ν + r∗. Likewise,
we will denote

ϑ̃r = ϑ̂+ rλ0.

If we apply all of the above to the Mackey-Glass equation, as described in
(3.25), and recall that we use η0 = ϑ, then we see that (3.32) becomes
∥∥∥∥
d

ds

d

dt
AF(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

∥∥∥∥ ≤

‖y‖‖A0‖ max
0≤j,k≤m−1

{m−1∑

l=0

∥∥∥Ω̄−1∂ϑ∂ck
[
iϑ̃rKã

l
s + Φl(ãs) + Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]∥∥∥ ,

m−1∑

l=0

∥∥∥Ω̄−1∂cjck
[
iϑ̃rKã

l
s + Φl(ãs) + Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]∥∥∥
}
.
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We then find for the Mackey-Glass equation that for arbitrary a′, b′ ∈ ℓ1,mν ,

∂ϑ∂ck
[
iϑ̃rKã

l
s + Φl(ãs)

]
a′ = iKδkla

′

∂cjck
[
iϑ̃rKã

l
s + Φl(ãs)

]
b′a′ = ∂cjckΦl(ãs)b

′a′

and

∂ϑ∂ck
[
Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]
a′ =

− iτ
(
∂ckΨl(ãs)a

′
)
∗ dτ (ϑ̃r)Kã

1
s − iτδ1kΨl(ãs) ∗ dτ (ϑ̃r)Ka

′

∂cj∂ck
[
Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]
b′a′ =

(
∂cjckΨl(ãs)b

′a′
)
∗ dτ (ϑ̃r)ã

1
s

+ δ1kDcjΨ
l(ãs)b

′ ∗ dτ (ϑ̃r)a
′ + δ1jDckΨl(ãs)a

′ ∗ dτ (ϑ̃r)b
′,

with all other derivatives, i.e., those with respect to η1, η2 and η3, vanishing. This
means that for 0 ≤ j, k, l ≤ 3, there exist pseudo-convolution polynomials, in the
sense of Definition 3.3.18), γjkl1&4 = γjkl1&4(ãs,a, b), γjk2 = γjk2 (ãs,a), and γl3 = γl3(ãs)
(where only γ4 involves actual pseudo-convolutions) such that

∥∥∥Ω̄−1∂ϑ∂ck
[
iϑ̃rKã

l
s + Φl(ãs)

]
ak
∥∥∥
1,ν
≤ δkl‖Ω̄

−1Ka′‖1,ν
∥∥∥Ω̄−1∂cjck

[
iϑ̃rKã

l
s + Φl(ãs)

]
b′a′
∥∥∥
1,ν
≤ ‖Ω̄−1γjkl1 ‖1,ν

∥∥∥Ω̄−1∂ϑ∂ck
[
Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]
a′
∥∥∥
1,ν
≤ τ

∥∥Ω̄−1ΓS(γkl2 )Kã1s
∥∥
1,ν

+ τδ1k
∥∥Ω̄−1ΓS(γl3)Ka′

∥∥
1,ν∥∥∥Ω̄−1∂cj∂ck

[
Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]
b′a′
∥∥∥
1,ν
≤ ‖Ω̄−1γjkl4 ‖1,ν ,

where ΓS is the pseudo-convolution operator satisfying Γ(a) : c 7→ a ∗ dτ (ϑ̃r)c.
When we take ‖a′‖, ‖b′‖ ≤ 1 and repeatedly apply Lemmas 3.3.20 and 3.3.21, we
obtain

∥∥∥Ω̄−1∂ϑ∂ck
[
iϑ̃rKã

l
s + Φl(ãs)

]
a′
∥∥∥
1,ν
≤ δkl

1

ϑ̂∥∥∥Ω̄−1∂cjck
[
iϑ̃rKã

l
s + Φl(ãs)

]
b′a′
∥∥∥
1,ν
≤

1

ϑ̂

1

n+ 1
‖γjkl1 ‖1,ν

∥∥∥Ω̄−1∂ϑ∂ck
[
Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]
a′
∥∥∥
1,ν
≤ τ

Cν

ϑ̂

(
‖γkl2 ‖1,ν‖ã

1
s‖1,ν + δ1k‖γ

l
3‖1,ν

)

∥∥∥Ω̄−1∂cj∂ck
[
Ψl(ãs) ∗ dτ (ϑ̃r)ã

1
s

]
b′a′
∥∥∥
1,ν
≤

1

ϑ̂

1

n+ 1
‖γjkl4 ‖1,ν ,

where the norms of the pseudo-convolution polynomials γ can be computed using
Lemma 3.3.19.

In conclusion, we can calculate Z2 by finding bounds such that ‖γjkli ‖ ≤ σ
jkl
i ,
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‖γjki ‖ ≤ σ
jk
1 , and ‖γli‖ ≤ σ

l
i and setting

Z2(r) ≥ r
‖A0‖

ϑ̂
max

0≤j,k≤m−1

{
1 + τCν

m−1∑

l=0

(
σkl2 (‖ĉ1‖1,ν + r∗) + δ1kσ

l
3

)
,

1

n+ 1

m−1∑

l=0

(
σjkl1 + σjkl4

)}
,

(3.33)

where the right-hand side of (3.33) depends linearly on r, and where we restrict
our attention to r ≤ r∗.

The Z3 bound

Finally, we calculate the Z3 bound, which requires us to estimate

‖A(DF(x̂ + ry)−DF(x̂))‖ = ‖A(DF(η̂ + rλ, ĉ)−DF(η̂, ĉ))‖.

As many of the derivations are similar to those done for the Z2 bounds, we will be
a little more succinct in deriving these bounds.

We again take z = (µ, b) ∈ XR,m
ν and write

A(DF(x̂ + ry)−DF(x̂))z =

∫ r

0

d

ds

d

dt
AF(η̂ + sλ+ tµ, ĉ + tb)

∣∣∣∣
t=0

ds.

Hence it suffices to obtain an estimate for all ‖y‖, ‖z‖ ≤ 1 and 0 ≤ s ≤ r of

∥∥∥∥
d

ds

d

dt
AF(η̂ + sλ+ tµ, ĉ + tb)

∣∣∣∣
t=0

∥∥∥∥ . (3.34)

Again the phase-conditions from the linear component H will drop out, meaning
that it suffices to only look at the G component in F = (H,G). If we again write

A0Ω̄
−1

for the matrix in (3.31) then we find that (3.34) becomes

∥∥∥∥
d

ds

d

dt
AF(η̂ + rλ+ tµ, ĉ + sa + tb)

∣∣∣∣
t=0

∥∥∥∥

≤ ‖y‖ max
0≤j,k≤m−1

{∥∥∥A0Ω̃∂ηj ,ηkG(η̂ + sλ, ĉ)
∥∥∥ ,
∥∥∥A0Ω̄

−1
∂ηj∂ckG(η̂ + sλ, ĉ)

∥∥∥
}
,

(3.35)

where we used that |λ| ≤ ‖(λ,a)‖ = ‖y‖ and that |µj | ≤ 1.

Let us now, as with the Z2 bounds, focus on the Mackey-Glass equation (3.25).
Then again the partial derivatives with respect to η1, η2 and η3 vanish. Furthermore,
we will write ϑ̃s = ϑ̂+ sλ0 and conclude that |ϑ̃s| ≤ ϑ̂+ r∗. We then see that (3.35)
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becomes

∥∥∥∥
d

ds

d

dt
AF(η̂ + sλ+ tµ, ĉ + tb)

∣∣∣∣
t=0

∥∥∥∥

≤ ‖y‖‖A0‖ max
0≤k≤3

{ 3∑

l=0

∥∥∥Ω̄−1∂2ϑ
[
iϑ̃sKĉ

l + Φl(ĉ) + Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ
1
]∥∥∥ ,

3∑

l=0

∥∥∥Ω̄−1∂ϑ∂ck
[
iϑ̃sKĉ

l + Φl(ĉ) + Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ
1
]∥∥∥
}
.

(3.36)

When we write out the partial derivatives in the above inequality, we find, as in
Section 3.4.3, that for arbitrary b′ ∈ ℓ1,4ν ,

∂2ϑ

[
iϑ̃sKĉ

l + Φl(ĉ)
]

= 0

∂ϑ∂ck
[
iϑ̃sKĉ

l + Φl(ĉ)
]
b′ = iδklKb

′.

and likewise

∂2ϑ

[
Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ

1
]

= −τ2Ψl(ĉ) ∗ dτ (ϑ̃s)K
2ĉ1

∂ϑ∂ck
[
Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ

1
]
b′ = −iτ(∂ckΨl(ĉ)b′) ∗ dτ (ϑ̃s)Kĉ

1

− iτδ1kΨl(ĉ) ∗ dτ (ϑ̃s)Kb
′.

Since ĉ1 has only finitely many nonvanishing components, the new term involving
the K2 operator does not cause any problems.

Using the above identities, we see that there exist pseudo-convolution polynomi-
als γl5 = γl5(ĉ), γ̃kl2 = γkl2 (ĉ, b) and γ̃l3 = γl3(ĉ), such that the following inequalities
hold.

∥∥∥Ω̄−1∂2ϑ

[
iϑ̃sKĉ

l + Φl(ĉ)
]∥∥∥

1,ν
= 0

∥∥∥Ω̄−1∂ϑ∂ck
[
iϑ̃sKĉ

l + Φl(ĉ)
]
b′
∥∥∥
1,ν
≤ δkl‖Ω̄

−1Kb′‖1,ν
∥∥∥Ω̄−1∂2ϑ

[
Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ

1
]∥∥∥

1,ν
≤ τ2‖Ω̄−1ΓS(γl5)K2ĉ1‖1,ν

∥∥∥Ω̄−1∂ϑ∂ck
[
Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ

1
]
b′
∥∥∥
1,ν
≤ τ‖Ω̄−1ΓS(γ̃kl2 )Kĉ1‖1,ν

+ δ1kτ‖Ω̄
−1ΓS(γ̃l3)Kb′‖1,ν ,

where ΓS is the pseudo-convolution operator is given by ΓS(a) : c 7→ a ∗ dτ (ϑ̃r)c.
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If we then again apply Lemmas 3.3.20 and 3.3.21, we find that
∥∥∥Ω̄−1∂2ϑ

[
iϑ̃sKĉ

l + Φl(ĉ)
]∥∥∥

1,ν
= 0

∥∥∥Ω̄−1∂ϑ∂ck
[
iϑ̃sKĉ

l + Φl(ĉ)
]
b′
∥∥∥
1,ν
≤ δkl

1

ϑ̂∥∥∥Ω̄−1∂2ϑ

[
Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ

1
]∥∥∥

1,ν
≤ τ2

1

ϑ̂

1

n+ 1
‖γl5‖1,ν‖K

2ĉ1‖1,ν
∥∥∥Ω̄−1∂ϑ∂ck

[
Ψl(ĉ) ∗ dτ (ϑ̃s)ĉ

1
]
b′
∥∥∥
1,ν
≤ τ

1

ϑ̂

1

n+ 1
‖γ̃kl2 ‖1,ν‖Kĉ

1‖1,ν

+ δ1k
1

ϑ̂
Cντ‖γ̃

l
3‖1,ν .

Here it should be noted that since ĉ ∈ C
4(2n+1), we have that Kĉj ∈ ℓ1ν and

likewise K2ĉj ∈ ℓ1ν , meaning that all norms above can be bounded. Specifically, if
we compute bounds such that ‖γl5‖ = σl5, ‖γ̃kl2 ‖ ≤ σ̃

kl
2 and ‖γ̃l3‖ ≤ σ̃

l
3, then we can

calculate Z3 by setting

Z3(r) ≥ r
‖A0‖

ϑ̂
max

0≤k≤m−1

{
1 + τ

m−1∑

l=0

(
‖Kĉ1‖1,ν
n+ 1

σ̃kl2 + δ1kCν σ̃
l
3

)
,

τ2
‖K2ĉ1‖1,ν
n+ 1

m−1∑

l=0

σl5

}
,

where we note that the right-hand side depends linearly on r.

Numerics and results

In this final section of the chapter, we will explicitly provide the numerical solutions
and bounds necessary to complete the existence proof for several parameter choices
of the Mackey-Glass equation. In particular, we will provide explicit values of the
Y and Z bounds outlined in the previous section as well as outline the limitations
of this approach.

Control parameters

By means of the polynomialization scheme from Section 3.2.1, we were able to
rewrite the Mackey-Glass equation as a system of equations outlined in (3.9).
However, it is clear that the chosen polynomialization is not unique. In particular,
we could have chosen to rescale the newly introduced auxiliary functions v(t), w(t)
and x(t) by some factors. Doing so provides us with more choices when attempting
to compute optimal Y and Z bounds for this problem, without fundamentally
changing the problem. To this end, we rescale the v, w and x functions by a constant
µ1, µ2 and µ3 by simply setting v = vold/µ1, w = wold/µ2 and x = xold/µ3.

Remark 3.5.1. Recalling that (u, v, w, x) correspond to the Fourier coefficients
(c0, c1, c2, c3) ∈ ℓ1,4ν , this rescaling effectively changes the contribution of the c2
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Figure 3.3: All four verified solutions plotted using delay embedding coordinates.
Left: Solutions №1 and №3 from Table 3.1, corresponding to τ = 1.63. Right:
Solutions №2 and №4 from Table 3.1, corresponding to τ = 2.

and c3 to the norm of c. Hence, equivalently, we could have rescaled the norm on
ℓ1,mν = ℓ1,4ν to

‖c‖ = ‖c0‖+ µ1‖c
1‖+ µ2‖c

2‖+ µ3‖c
3‖,

while leaving the functions w, x (and hence c2, c3) unchanged.

Using the new parameters µ1 and µ2, we obtain the following system, equivalent
to (3.9):

u′(t) = αµ1v(t− τ)− βu(t) u(0) = 1

v′(t) = v(t) (µ3x(t)− ρµ1µ2v(t)w(t)) (αµ1v(t− τ)− βu(t)) + η1 v(0) = 1/2µ1

w′(t) = (ρ− 2)µ3x(t)w(t) (αµ1v(t− τ)− βu(t)) + η2 w(0) = 1/µ2

x′(t) = −µ3x(t)
2 (αµ1v(t− τ)− βu(t)) + η3 x(0) = 1/µ3.

(3.37)

The corresponding map F : XR,m
ν → XC,m

ν is then given by

F(η, c)
def
=

























∑

k
c0k − 1

∑

k
c1k − 1/2µ1

∑

k
c2k − 1/µ2

∑

k
c3k − 1/µ3

iϑKc0 − (αµ1dτ (ϑ)c
1
− βc0)

iϑKc1 − (µ3c
1
∗ c3 − ρµ1µ2c

1
∗ c1 ∗ c2) ∗ (αµ1dτ (ϑ)c

1
− βc0)− η1

iϑKc2 − (ρ− 2)µ3c
2
∗ c3 ∗ (αµ1dτ (ϑ)c

1
− βc0)− η2

iϑKc3 + µ3c
3
∗ c3 ∗ (αµ1dτ (ϑ)c

1
− βc0)− η3

























.

(3.38)

It should be noted these new parameters do not affect the form of F described in
Section 3.4.1.
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Figure 3.4: Two solutions of (3.37) for τ = 1.63, ρ = 10, corresponding to solutions

№1 with ϑ̂ = 1.3819 (left) and №3 with ϑ̂ = 0.6412 (right) from Table 3.1.

Results

In order to demonstrate the efficacy of our method, we wish to show the existence
of some solutions both close to, and inside the chaotic regime of the Mackey-Glass
equations. As we noted in the introduction (see also [85, 86]), chaos occurs when
the equilibrium solution lies close to u = 1, hence choose our parameters such that
u = 1 is an equilibrium solution, which implies that α = 2β. Since we can always
rescale time (and τ), we fix

α = 2 β = 1.

We will now focus on two particular choices for ρ and τ . First we shall choose
ρ = 10 and τ = 1.63, which lies close to

In order to find the numerical solutions around which we base our computer
assisted proof, we fix ρ = 10 and τ = 1.63. Using the dde23 integrator from
MATLAB we observe a long, stable, periodic orbit. This stable solution is the
product of two subsequent period doubling bifurcations [85]. We produce two
more solutions, with periods equal to roughly a half and a quarter of the period of
the stable orbit, by using Newton’s method (on the truncated finite-dimensional
problem). By using standard continuation methods, we then continued these
functions to obtain approximate solutions in the chaotic regime, in particular for
τ = 2 and ρ = 9.65.

In both these cases, are able prove the existence of two pairs of coexisting
solutions, corresponding to the short and medium length orbits. In particular, we
prove the existence of a pair of solutions, corresponding to solutions №1 and №3
presented in Figure 3.4 with parameter values

τ = 1.63 and ρ = 10

and another pair, solutions №2 and №4 in Figure 3.4, with

τ = 2 and ρ = 9.65.
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№ ϑ̂ ν n̂+ npad Y Z
0

Z
1 r−1

Z
2(r) r−1

Z
3(r) r̂

×10−10
×10−11

×106 ×105 ×10−7

1 1.3819 1.040 70 + 0 3.0774 6.6639 0.4213 2.8645 4.3377 1.6668
2 1.1932 1.040 73 + 0 4.2520 5.5870 0.4480 2.7036 3.9099 1.6945

×10−10
×10−9

×108 ×107 ×10−9

3 0.6412 1.010 144 + 180 2.8112 1.9989 0.3618 3.3467 4.5488 1.5947
4 0.5251 1.096 177 + 130 2.7836 2.5673 0.4612 2.8173 3.7215 1.6048

Table 3.1: The parameters, bounds and r̂ that satisfy Proposition 3.3.13. Solutions
№1 and №3 correspond to τ = 1.63 and ρ = 10. Solutions №2 and №4 correspond
to τ = 2 and ρ = 9.65.

In both cases we are unable to verify the existence of the long stable periodic orbit.
For a discussion on this, see Section 3.5.3.

The following results were obtained for the Mackey-Glass equation as outlined
in (3.37), where we chose the, experimentally obtained, rescaling factors:

µ1 = 1 µ2 = 4 µ3 = 2.

In our numerical computations, we also have to decide how many Fourier
coefficients we actually compute. In practice, we choose n such that we can be
reasonably sure that any coefficient of the solution outside of our truncation range
is smaller than machine precision. That is, we use largest n such that

max
j=0,1,2,3

|ĉjn| ≥ 10−16.

This n however, may not be the optimal number of modes to run the computer-
assisted proof. Especially the Z1 component of the Z1 bound can usually only
be made small by ensuring that n is big. We do this by padding ĉ with zeros
until the desired length is obtained. In Table 3.1 we denote by n̂ the number of
Fourier-modes used to compute ĉ, and npad the number of zeros padded.

We will choose the a-priori radius r∗, introduced in Section 3.4.3 and used in
(3.33), such that r∗ = 10−6. As can be seen from Table 3.1, this is clearly larger
than the computed r̂, justifying this choice.

Next, we compute the approximate derivative in accordance with the restrictions
outlined in Section 3.3.3 and 3.3.4. Using this, we compute the Y , Z1 and Z2

bounds as outlined in Section 3.4. It is at this step that the constant ν, appearing
in the norm, is chosen experimentally such that both Y and Z1 are suitably small.
Finally, we compute r̂ and verify that the inequalities from (3.18) hold. This, by
Proposition 3.3.13, proves the existence of real valued periodic solutions near the
numerical solutions from Figures 3.4 and 3.5. The Y and Z bounds, together with
the appropriate choices for ν and the resulting r̂ can be found in Table 3.1.

Note that solution №3 and №4 need respectively n = 324 and n = 307 elements
to complete the proof. In the calculation of the Z1 bound, this results in having to
multiply with a 9512× 6056-matrix and a 10960× 6712-matrix, respectively.
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Figure 3.5: Two solutions of (3.37) for τ = 2, ρ = 9.65, corresponding to solutions

№2 with ϑ̂ = 1.1932 (left) and №4 with ϑ̂ = 0.5251 (right) from Table 3.1.

Discussion

While we are able to verify the existence of the short and medium length orbits,
we were not able to verify the long periodic solution from which we obtained the
shorter ones. In order to see where our analysis fails, consider that, for a linear
Z2(r) = rẐ2,

Y +

(
Z1 +

1

2
Z2(r)− 1

)
r = Y +

(
Z1 +

1

2
Ẑ2r − 1

)
r = 0

can only hold if Y Ẑ2 ≤ 1/2. However, as can be calculated from Table 3.1,
Y Ẑ2 = Y (r−1Z2(r)+r−1Z3(r)) becomes significantly bigger as the period increases.
In particular, Z2 and Z3 grow two orders of magnitude between the short solutions
(№1 and №2) and the medium length solutions (№3 and №4). When we consider
the long orbits, this entails a similar increase in the order of magnitude of the Z2

bound. Hence, we fail to verify these long solutions, not because of any problem
with the Z1 bound, but because of the respective magnitudes of Y and Z2(r). As
adding extra modes does not significantly affect the residue bound Y , the only way
to improve the Y bound is by lowering ν. However, the constant Cν needed in the
Z2 and Z3 bound does not scale nicely with ν. In particular, if we write ν = 1 + ǫ,
then

Cν ∼ 1 +
1

(n+ 1)ǫ
.

Furthermore, since ‖A0‖, as it appears in the Z2-bounds, increases approximately
linearly with n, this means that adding extra zeros or lowering ν will only worsen
the Z2 and Z3 bound.

Therefore, the only way to push the results further would be by either lowering
the Y bound in another way, for instance by using multiple-precision methods, or
by significantly altering the way the Z2 bounds are estimated. One possible avenue
would be to compute higher than second order derivatives for the Z2 bound, cf.
(3.30) and (3.34).
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Chapter 4

Parameterization method for

unstable manifolds

of delay differential

equations

Introduction

Numerical methods for computing stable/unstable manifolds occupy a central
position in the field of computational dynamics. Many of these methods fall into
one of two varieties: techniques for computing a local representation of the manifold
in terms of its jets, and continuation methods for extending a local representation
as far as possible via numerical integration. The present work is a new offering of
the first variety, and develops numerical methods for high order approximations
of local unstable manifolds of delay differential equations (DDEs). Differential
equations with delays model systems “with memory”, i.e. systems whose next
state depends not only on their current state but also on some portion of the past
history. Dependence on past history makes the state space of a DDE an infinite
dimensional function space, complicating both theoretical and numerical work.

Our approach is based on a general functional analytic framework for studying
invariant manifolds known as the parameterization method, developed by a number
of authors over the last years [12, 13, 14, 49, 47, 48, 46]. Loosely speaking, the
parameterization method leads to an operator equation whose solutions parameter-
ize the desired invariant manifold. The operator equation is solved via a formal
series/power matching argument, which leads to linear equations for the jets of the
manifold. Numerically solving finitely many of these linear equations provides a
polynomial approximation of the manifold to any desired order.

The parameterization method has several important features. First, the opera-
tor equation describes an infinitesimal conjugacy relation between the nonlinear
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dynamics on the unstable manifold and the dynamics in the unstable subspace
of the linearized system. Due to this fact, the method recovers the dynamics on
the manifold in addition to its embedding. Second, the parameterization is not
required to be the graph of a function, hence it can follow folds in the embedding
as we will see in the applications below. Finally, the fact that the parameterization
solves an operator equation also leads to a convenient notion of a-posteriori error or
defect, which is used in applications to measure the quality of the final polynomial
approximation.

Even though the original references [12, 13, 14] framed the parameterization
method in the general setting of infinite dimensional Banach spaces, the result there
requires invertibility of certain linear operators, and does not apply directly to the
unbounded linear operators which appear in the context of DDEs. Many subsequent
works on the parameterization method provide extensions of the parameterization
method to problems involving unbounded operators. For example the works
of [59, 102, 36] develop/discuss computational methods for studying unstable
manifolds attached to equilibrium and periodic orbits for some infinite dimensional
systems. However the techniques developed in these references focus on parabolic
PDEs/compact maps, hence still do not apply directly to the DDE setting. Other
extensions to problems involving unbounded operators (including some recent work
on DDEs) focus on quasi-periodic solutions and KAM techniques. See Section 4.1.2
for more discussion of this point.

Our interest is parameterizing unstable manifolds and we begin by recasting
the DDE as an ODE on an appropriate Banach space. We then work out the
implications of the parameterization method “from scratch” for this ODE. The
reformulation of a DDE as an ODE is completely classical, however since it is
critical to our entire approach we provide a detailed review in Section 4.A. The
advantage of carefully developing the parameterization method in the classical
context of retarded functional differential equations is that the correct form of the
series expansion for the unstable manifold appears quite naturally as the results of
a certain formal calculation.

We develop the desired machinery for equilibrium as well as periodic solutions
of DDEs. We illustrate the utility of the proposed method by working a number
of example problems. More precisely we compute some high order Taylor and
Fourier-Taylor approximations of one, two, three, and four dimensional unstable
manifolds for three different example systems: two with constant and one with a
state dependent delay.

Sketch of the method

Before beginning the systematic formulation of the parameterization method for
unstable manifolds of delay differential equations we would like to motivate the
more technical discussion to come with brief and informal account of our method,
along with some illustrative example computations.

Consider the delay differential equation

u′(t) = f(u(t), u(t− 1)), (4.1)
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Figure 4.1: Parameterization of a 2D local unstable manifold attached to the
origin for Wright’s equation with α = 2.2. The system has an attracting periodic
orbit (yellow). We integrate an orbit (red) on the local unstable manifold until it
converges to the periodic orbit. We compute the parameterization to Taylor order
K = 130 by solving the recurrence equation (4.4). The coordinates used in the
figure are discussed in Section 4.A.1.
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with f : R2 → R a smooth (say analytic) function, and suppose that u0(t) ≡ c is
an equilibrium solution, i.e. assume that

f(c, c) = 0.

Moreover, suppose that u0 is an unstable equilibrium with exactly m ∈ N dis-
tinct unstable eigenvalues. More precisely this assumes that there are exactly m
complex numbers λ1, . . . , λm ∈ C with real(λj) > 0 for 1 ≤ j ≤ m, solving the
transcendental characteristic equation

∂1f(c, c) + ∂2f(c, c)e−λ = λ.

Associated eigenfunctions are given by

ξj(t) = sje
λjt,

for 1 ≤ j ≤ m, where sj ∈ R are arbitrary scalings. This standard material is
reviewed in Section 4.A.

Loosely speaking, the results of Section 4.2.1 show the following: suppose that
P : Rm → Ck((−∞, 0],R) satisfies the invariance equation

m∑

j=1

λjσj
∂

∂σj
P (σ1, . . . , σm, t) = f(P (σ1, . . . , σm, t), P (σ1, . . . , σm, t− 1)), (4.2)

for |σj | < 1, 1 ≤ j ≤ m, and t ≤ 0, subject to the constraints

P (0, . . . , 0, t) = c,

∂

∂σj
P (0, . . . , 0, t) = ξj(t),

for 1 ≤ j ≤ m. Then P parameterizes an m-dimensional local unstable manifold of
u0.

In order to solve equation (4.2), we make the power series ansatz

P (σ1, . . . , σm, t) =
∞∑

β1=0

. . .
∞∑

βm=0

pβ1...βm e
(β1λ1+...+βmλm)tσβ1

1 . . . σβmm , (4.3)

with {pβ1...βm}β1,...,βm∈N0
unknown. The first order constraints imply that

p0...0 = c, p10...0 = s1, . . . p0...01 = sm,

i.e. that the zeroth order coefficient is the constant solution and the first order
coefficients are the eigenvector scalings. Plugging the right hand side of equation
(4.3) into equation (4.2), expanding the composition as a power series, and matching
like powers of σ1, . . . , σm, leads to equations for the unknown coefficient pβ1...βm in
terms of lower order coefficients.

Consider for example Wright’s equation, where f : R2 → R is given by

f(x, y) = −αy(1 + x), α ∈ R.
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The constant function u0(t) ≡ 0 is an equilibrium solution, and when π/2 < α <
5π/2 the origin has exactly two unstable (complex conjugate) eigenvalues. Then
p00 = 0 and p01 = p10 are arbitrary. The power matching scheme described above
leads to the recurrence relations

pmn = −
α

(mλ1 + nλ2) + αe−(mλ1+nλ2)

m∑

j=0

n∑

k=0

cmnjk pm−j n−kpjke
−(jλ1+kλ2), (4.4)

for m,n ∈ N with m+ n ≥ 2. Here

cmnjk :=





0 if j = 0 and k = 0

0 if j = m and k = n

1 otherwise

,

appears in the right hand side because the pmn term is extracted from the Cauchy
product summation, i.e. the right hand side of equation (4.4) depends only on terms
of order less than m+ n. Now, for any K ∈ N we begin with the cases m+ n = 2
and recursively compute pmn for all 2 ≤ m+ n ≤ K using the formula of equation
(4.4). The result is a truncated series (i.e. polynomial) approximation of P . Some
numerical results are illustrated in Figure 4.1. Practical considerations such as the
domain of P , and the decay rates of the Taylor coefficients are considered in detail
in Section 4.3.

The remainder of the chapter is organized as follows. We conclude this introduc-
tory section with a short discussion of some related literature. The parameterization
method for unstable manifolds attached to equilibrium and periodic solutions of
delay differential equations is developed in Section 4.2. We focus on formal series
expansions for the parameterizations, and algorithms for computing their coeffi-
cients. Systems with both constant and state dependent delays are considered.
Section 4.3 presents numerical results and illustrates the utility of the method.
Section 4.4 suggests some directions for future work. In appendices 4.A and 4.B
we review some basic notions from the theory of delay differential equations and
also review the parameterization method for vector fields. These are included for
the benefit of the reader wishing to review one or the other topic before beginning
Section 4.2, as this material is taken for granted in the main body of the chapter.

Remark 4.1.1 (Goals of the present work). The ansatz of equation (4.3) (note
the exponential weight functions) as well as the invariance equation (4.2) in the
discussion above are drawn out of thin air. In fact the entire discussion above is
informal. Giving dynamical meaning to objects like the local unstable manifold
and to the invariance equation (4.2) requires a reformulation of the DDE as an
ODE on a Banach space. The parameterization method can then be adapted to
this ODE. Classical material is reviewed in Sections 4.A and 4.B, and the results
derived in Section 4.2 justify and extend the discussion above.

Remark 4.1.2 (Parameterized local unstable manifold attached to a periodic
orbit). Another goal of the present work is to develop a parameterization method
for unstable manifolds attached to periodic solutions of DDEs. In the periodic case
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Figure 4.2: Boundary torus of a parameterized local unstable manifold attached to
a periodic orbit for Wright’s equation with α = 9. We compute to Taylor order
K = 42 and Fourier order M = 22. The surface plotted in the frames is obtained
by evaluating and plotting the image of the resulting Fourier-Taylor polynomial
and exploits no numerical integration procedures. The torus is embedded in an
infinite dimensional phase space so has no inside and outside. The coordinates
used in the figure are discussed in Section 4.A.1.
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the appropriate operator equation is a generalization of Equation (4.2), and the
generalized operator equation is solved via a power series ansatz with coefficients
given by periodic functions rather than scalars. The appropriate invariance equation
(4.14) is developed in Section 4.2.2. In the periodic case the power matching
argument again leads to recursion equations describing the jets, but in this case the
equations are linear delay differential equations with periodic data. Such equations
are efficiently solved in Fourier space.

Figure 4.2 illustrates a parameterized unstable manifold for a periodic orbit for
Wright’s equation. The manifold is computed using the methods of the present
work. The periodic orbit has exactly two (complex conjugate) unstable Floquet
exponents, so that the local unstable manifold is a three dimensional tube. The
figure illustrates a boundary torus of this tube. The image is generated by evaluating
the Fourier-Taylor polynomial computed as indicated in the previous paragraph.
Numerical considerations are discussed in detail in Section 4.3.

Remark 4.1.3 (Stable versus unstable manifolds). The appearance of certain
denominators in the recursive formula for pmn given by equation (4.4) lead to some
non-resonance conditions which must hold between the unstable eigenvalues. These
non-resonance conditions do not involve stable or center eigenvalues. As we will
see again below, such non-resonance conditions are an unavoidable feature of the
parameterization method. Indeed they are the price to be paid for the fact that
the method recovers the dynamics on the manifold, in addition to the embedding.

The DDEs considered in the present work all have the following property: that
the linearized operators at the equilibrium/periodic solutions generate eventually
compact semi-groups. Due to this fact, we will always have only a finite number of
unstable eigenvalues each with only finite multiplicity. This compactness is exactly
why we can apply the parameterization method to study unstable manifolds of
DDEs. Stable manifolds (which will have finite co-dimension) must be studied by
other methods. However this situation is no different from that encountered when
studying dynamical systems generated by compact integral operators or parabolic
PDEs, where the parameterization method has proven quite valuable. See for
example [59, 30, 102]. We will return to the topic of stable manifolds in a future
work.

Related work

Three works closely related to the present study are the recent papers [83] and
[52, 53]. The authors of the works just cited use functional analytic techniques
based on the parameterization method to prove the existence of quasi-periodic
solutions of differential equations with constant and state dependent delays. The
analysis employed in these works is perturbative, yet by analogy with the finite
dimensional case (see for example [49, 47, 48, 15, 29]) it is reasonable to suppose
that the arguments of [83, 52, 53] lead to efficient numerical methods for computing
quasi-periodic solutions of delay differential equations. Indeed, this is an excellent
topic for future study.

The success of [83, 52, 53] suggests also that the related work of [12, 13, 14] on
stable/unstable manifolds attached to equilibria of differential equations should



114

be adapted to DDEs. A number of authors have developed numerical methods
for studying stable/unstable manifolds based on the works of [12, 13, 14], see for
example [93, 11, 103, 91, 20, 59, 102]. Indeed some of these works treat periodic
orbits of ODEs and also unstable manifolds for PDEs. Taken together these
developments suggest novel methods for computing invariant manifolds attached
to equilibrium and periodic solutions of delay differential equations, and motivate
the present study.

The present work is also related to several other studies which develop numerical
methods for stable/unstable manifolds attached to invariant objects of DDEs.
Theoretical aspects of discretization of unstable manifolds for delay equations are
studied in [34]. The work of [108] develops numerical methods for computing
two dimensional unstable manifolds attached to equilibrium solutions of delay
differential equations with constant delays. We also mention the work of [71, 40]
on numerical computation of unstable manifolds of periodic orbits with a single
unstable Floquet exponent. The work of [17] develops formal series expansions
of center manifolds for delay differential equations implementing normal form
techniques in the Maple programing language. More recently the work of [16]
studies numerically a center manifold normal form for a Hopf-Hopf bifurcation in
a system with two state dependent delays. The authors compute and continue
families of invariant tori including resonant invariant tori.

In the sequel we are also interested in accurate Fourier representation of
periodic orbits for delay differential equations. Our approach is based on the
work of [76, 66, 67]. The methods of the works just cited are used also to give
mathematically rigorous computer assisted proofs of the existence of periodic orbits
for delay equations. The interested reader can consult also the lecture notes [77]. In
addition we discuss a modification of these methods which allows us to parameterize
the unstable vector bundles of the periodic orbit, leading again to accurate Fourier
representations.

The work of [32] uses set-oriented methods to find cubical enclosures of relative
attractors for delay equations. We also mention the work of [116] on rigorous
numerical integration of DDEs, and computer assisted proof of periodic orbits. The
reader interested in the dynamical systems approach to numerical computations
for delay equations can consult also the studies of [35, 56, 104, 7, 109, 33]. Some
numerical studies of physical applications from a dynamical systems perspective
are found in [112, 54, 56, 31]. The discussion of the literature in this section is
of course far from comprehensive, and the interested reader will find many other
works of interest by consulting the references in the papers cited above.

Remark 4.1.4 (Local manifold computation versus manifold extension/continua-
tion). The works [108, 71, 40] just cited develop methods for numerical approxi-
mation of global stable/unstable manifolds given a good local approximation of
the manifold. Put simply these methods extend the local manifolds by combining
numerical integration techniques with adaptive continuation/collocation methods.
Such computations are delicate as the nonlinearities act on different regions of the
manifold in very different ways, causing some parts of the manifold to “move” or
“grow” very rapidly while others move very slowly. An excellent survey describing a
number of extension/globalization methods for stable/unstable manifolds attached
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to equilibria of ODEs is [70]. See also the references discussed therein.

The present work, on the other hand, develops methods for high order approxi-
mation of local invariant manifolds, but ignores the extension/globalization of these
objects. We do wish to emphasize however that the two approaches are comple-
mentary rather than competitive, and this suggests interesting possible directions
for future research. More precisely: while extension/globalization computations
are typically seeded with the linear approximation of the invariant manifold by
its unstable eigenvectors, nothing prevents the seeding these algorithms with a
high order local approximation as developed in the present work. Indeed the two
studies [132, 39] show that combining the parameterization method with adaptive
extension/globalization methods produces excellent results, at least in the case of
one and two dimensional manifolds attached to fixed points of diffeomorphisms.
Developing similar methods for ODEs and DDEs is an interesting topic for future
study.

Parameterization of invariant manifolds for func-

tional differential equations

This section develops the main results of the chapter. More precisely, we generalize
the parameterization method reviewed in Section 4.B to delay differential equations.
We focus on the case of an analytic vector field. However the case of finite
differentiability is treated by stopping the procedure at lower order (see [12, 13]).

Throughout the remainder of the chapter we study vector fields defined on
Banach spaces, originating from scalar delay differential equations. The dynamical
systems approach to DDEs is discussed in Section 4.A, and we make constant use
of the terminology and notation reviewed there. In particular take Xτ the function
space defined in Definition 4.A.5, F : Xτ → Xτ a delay-type map as in Definition
4.A.7 (which may be only densely defined), and consider the Banach space valued
ordinary differential equation given in Equation (4.28).

Unstable manifold of an equilibrium

Suppose that U0 ∈ Xτ is an equilibrium solution of the differential equation (4.28),
that is we assume that F(U0) = 0. Let λ1, . . . , λm denote the unstable eigenvalues
of DF(U0), and (ξj , ξjǫλj ) ∈ X

cl
τ denote a corresponding choice of eigenvectors.

Here we exploit the decomposition of Xτ into functional and scalar components as
in Section 4.A. Recall also that X cl

τ is the space of classical solutions. Assume for
the sake of simplicity that each of the unstable eigenvalues has multiplicity one.

Our aim is to find a conjugating chart map P : Bm → X cl
τ (in the sense of

Definition 4.B.1) which parameterizes a local unstable manifold at U0. We impose
the first order constraints

P(0) = U0 ∂

∂σj
P(0) =

(
ξj

ξjǫλj

)
,
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and recall that – in the case of an equilibrium solution – the goal of the parameter-
ization method is to find P a solution of the invariance equation

F(P(σ)) = DP(σ)Λσ, (4.5)

where σ ∈ R
m and Λ is the diagonal matrix containing the unstable eigenvalues.

(See Proposition 4.B.3). Assuming P is analytic, we expand as a Taylor series.
That is, we write

P(σ) =

∞∑

|β|=0

Pβσ
β .

Here β = (β1, . . . , βm) ∈ N
m
0 denotes a multi-index, |β| = β1 + . . . + βm, and

Pβ ∈ Xτ for each multi-index β ∈ N
m
0 . In particular, this means that the right

hand side of (4.5) is

DP(σ)Λσ =
∞∑

|β|=0

(λ1β1 + . . .+ λmβm)σβPβ .

Write P =
( p
P

)
, and consider separately the C and Cτ components.

Recalling the decomposition of F into functional and scalar components (see
Definition 4.A.7 in Section 4.A) we first rewrite (4.5) as

(
F (p(σ), P (σ))

d

ds
P (σ)

)
=

(
Dp(σ)Λσ
DP (σ)Λσ

)
,

and treat this equation one component at a time, beginning with the second
component. Setting Pβ =

( pβ
Pβ

)
, the left hand side of the second component is

d

ds
P (σ) =

∞∑

|β|=0

Pβσ
β =

∞∑

|β|=0

σβ
d

ds
Pβ .

Combining with the right-hand side of (4.5), we have

∞∑

|β|=0

σβ
d

ds
Pβ(s) =

∞∑

|β|=0

(λ · β)σβPβ(s),

where λ · β = λ1β1 + . . .+ λmβm. Matching like powers yields

d

ds
Pβ(s) = (λ · β)Pβ(s),

from which we have

Pβ(s) = Pβ(0)e(λ·β)s.
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Imposing that the coefficients of P are classical (in the sense of Definition 4.A.6)
gives

Pβ(s) = pβe
(λ·β)s,

i.e. Pβ = pβǫ(λ·β). In this way, we have completely solved the Cτ -component of
(4.5), and solving (4.5) is equivalent to finding all pβ ∈ C such that

F




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

ǫ(λ·β)pβσ
β


 =

∞∑

|β|=0

(λ · β)σβpβ . (4.6)

Since F is analytic, we expand as a power series. Substituting the power series
for p and P into the power series for F leads to

F




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

ǫ(λ·β)pβσ
β


 =

∞∑

|β|=0

(pβrβ + qβ)σβ , (4.7)

where qβ and rβ depend on pγ with |γ| < |β| only. Finally we iteratively solve (4.6)
by computing qβ and rβ , and then solving for pβ in

pβrβ + qβ = (λ · β)pβ . (4.8)

This method is summarized in Algorithm 1. Of course in practice there remains
some work to determine the form of rβ and qβ .

Algorithm 1 Unstable manifold of an equilibrium u0

[!htbp]

1: function Param Euilibrium(u0; ξ1, . . . , ξm;nmax)
2: compute all distinct λ1, . . . , λm such that
3: DxF (U) +DψF (U)ǫλj = λj ⊲ the eigenfunctions are given by ξjǫλj
4: p0 ← u0

5: pej ← ξj
6: for all n = 2 to nmax do
7: for all |β| = m do
8: compute qβ and rβ ⊲ uses only pγ with |γ| < n
9: pβ ← qβ/ ((λ · β)− rβ)

10: end for
11: end for
12: return {pβ}0≤|β|≤nmax

13: end function

Example 4.2.1. Consider the special case where F : Xτ → C comes from a DDE
with a single constant delay τ > 0, i.e.

F (x, ψ) = f(x, ψ(−τ)),



118

with f : C2 → C an analytic function. Then, taking another look at equation (4.7),
we would like to work out explicitly the form of rβ . To this end we write

F




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

ǫ(λ·β)pβσ
β


 = f




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

e−(λ·β)τpβσ
β




=

∞∑

|β|=0

sβσ
β ,

where the power series coefficients {sβ}β∈Nm0
are unknown. Define

p(σ) =

∞∑

|β|=0

pβσ
β , and p̃(σ) =

∞∑

|β|=0

e−(λ·β)τpβσ
β ,

and note that, by Taylor’s theorem

∂|β|

∂σβ
p(0) = β! pβ , and

∂|β|

∂σβ
p̃(0) = β! e−(λ·β)τpβ .

Similarly,

sβ =
1

β!

∂|β|

∂σβ
f(p(0), p̃(0)).

Applying the Faa Di Bruno Formula (see for example [22]) gives that

∂|β|

∂σβ
f(p(σ), p̃(σ)) =

|β|∑

k=1

akD
kf(p(σ), p̃(σ))[ηβ1 , . . . , η

β
k ]

where ak are some combinatorial coefficients, and the differential Dkf is a k-th
order symmetric tensor whose components are given by partial derivatives of f .
Recalling that this is a generalization of the chain rule for multivariate functions,
we see that the tensor is evaluated at vectors ηβj , with 1 ≤ j ≤ k, whose components
are given by partial derivatives of various orders of the functions p(σ) and p̃(σ).

The explicit form of the vectors ηβj is not relevant to the current discussion. What
matters for us is that the highest order partial derivatives, i.e. derivatives of order
|β|, appear only in the k = 1 term, and in this case DkF is a rank one tensor, i.e.
is the gradient of F . For 2 ≤ k ≤ |β| the derivative DkF is a rank k tensor, but

the ηβj involve partial derivatives of order strictly less than |β|. These observations
allow us to write

∂|β|

∂σβ
f(p(σ), p̃(σ)) =

D1f(p(σ), p̃(σ))
∂|β|

∂σβ

(
p(σ)
p̃(σ)

)
+

|β|∑

k=2

akD
kf(p(σ), p̃(σ))[ηβ1 , . . . , η

β
k ],
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where the remaining ηβj depend only on partial derivatives of p and p̃ of order lower
than |β|. Evaluating at zero leads to

∂|β|

∂σβ
f(p(0), p̃(0)) = D1f(p(0), p̃(0))

∂|β|

∂σβ

(
p(0)
p̃(0)

)

+

|β|∑

k=2

akD
kf(p(0), p̃(0))[ηβ1 (0), . . . , ηβk (0)]

= β!∇f(c, c)

(
pβ

e−(λ·β)τpβ

)
+ qβ ,

where

qβ :=

|β|∑

k=2

akD
kf(p(0), p̃(0))[ηβ1 (0), . . . , ηβk (0)],

is a sum involving only pδ with |δ| < |β|. Interpreting this result in terms of Taylor
series coefficients leads to

sβ =
(
∂1f(c, c) + ∂2f(c, c)e−(λ·β)τ

)
pβ + qβ ,

which, since qβ depends only on terms of the form pδ with |δ| < |β|, gives explicitly
the dependance of sβ on pβ . Returning to equation (4.8), we now have

rβ = ∂1f(c, c) + ∂2f(c, c)e−(λ·β)τ ,

and that in fact, the homological equations for the coefficients of p(σ) are given by

(
∂1f(c, c) + ∂2f(c, c)e−(λ·β)τ − (λ · β)

)
pβ = −qβ . (4.9)

This allows us to solve uniquely for pβ as long as

∂1f(c, c) + ∂2f(c, c)e−(λ·β)τ − (λ · β) 6= 0.

Recalling the results from Example 4.A.10, this says that pβ is uniquely defined
as long as (λ · β) is not equal to an eigenvalue, i.e. as long as λ1, . . . , λm are
non-resonant in the sense of Definition 4.B.6.

So, in addition to recovering the obstruction results described in Remark 4.B.5,
we now know exactly the form of rβ for a large class of problems. (Similar results
can be worked out for equations with multiple constant delays, or delays given
by integrals). Having an explicit formula for rβ is useful for example when we
implement Algorithm 1.

Note that the explicit form of qβ could also be worked out by considering more
carefully the Faa Di Bruno Formula. However, this formula involves complicated
combinatorial sums and in practice better results are obtained by applying the
power matching scheme from scratch in applications. We illustrate this approach
in several example problems below. In this case knowing in advance the form of rβ
provides a useful check on our calculations.
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Example: one dimensional unstable manifold in the cubic Ikeda equa-
tion

In numerical experiments the cubic Ikeda equation:

u′(t) = u(t− τ)− u(t− τ)3, (4.10)

with 1.538 ≤ τ ≤ 1.723 is a DDE exhibiting chaotic behavior in numerical sim-
ulations. In the discussion to follow we focus on τ = 1.59. See for example the
discussion in [113]. Rewriting equation (4.10) as an ODE on the Banach Space Xτ
leads to

d

dt

(
u(t)
Ut

)
=

(
Ut(−τ)− Ut(−τ)3

d

ds
Ut

)
. (4.11)

One checks that equation (4.11) has 3 equilibria, namely u = 0 and u = ±1.
Writing F (x, ψ) = ψ(−τ)− ψ(−τ)3, DxF = 0 and

DFψ(0) = δ−τ DFψ(±1) = −2δ−τ ,

where δσ : Xτ → C, defined by δσψ = ψ(σ) is the Dirac-distribution at σ.
From Lemma 4.A.9 it follows that all eigenvalues around u = 0 must satisfy

e−λτ = λ.

When τ is in the chaotic regime, this equation has only one solution with real(λ) > 0.
Since there is exactly one unstable eigenvalue, the corresponding unstable

manifold is 1-dimensional, and we write P(σ) =
∑∞
k=0 Pkσ

k. Furthermore, since
we are considering the equilibrium at 0, set

P(0) = P0 = 0
∂

∂σ
P(0) = P1 = ξ0ǫλ,

where ξ0 ∈ R is a constant fixing the length and direction of the eigenvector.
Now note that

F

( ∞∑

k=0

pkσ
k,

∞∑

k=0

ǫλkpkσ
k

)
=

(
∞∑

k=0

e−λkτpkσ
k

)
−

(
∞∑

k=0

e−λkτpkσ
k

)3

=

∞∑

k=0

e−λkτpkσ
k −

∞∑

k=0

e−λkτσk
∑

k1+k2+k3=k
k1,k2,k3≥0

pk1pk2pk3 .

Substituting this into equation (4.6) we find

∞∑

k=0

e−λkτpkσ
k −

∞∑

k=0

∑

k1+k2+k3=k
k1,k2,k3≥0

e−λkτpk1pk2pk3σ
k =

∞∑

k=0

kλσkpk,
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and matching like powers of σ gives

e−λkτpk − e
−λkτ

∑

k1+k2+k3=k
k1,k2,k3≥0

pk1pk2pk3 = kλpk.

We now express pk in terms of pk−1, pk−2, etc. Note that in the above Cauchy
product pk only appears when multiplied with p0 = 0, i.e. the previous equation
yields

pk =
e−λkτ

e−λkτ − kλ

∑

k1+k2+k3=k
0≤k1,k2,k3<k

pk1pk2pk3 .

Alternatively, set

qk = −e−λkτ
∑

k1+k2+k3=k
0≤k1,k2,k3<k

pk1pk2pk3 rk = e−λkτ ,

and compute pk iteratively using Algorithm 1.

Example: two dimensional unstable manifolds in the cubic Ikeda equa-
tion

In this section be reconsider briefly the example discussed in the introduction, since
we can now make precise the formulas stated there. Consider the eigenvalues at
u = ±1. In this case

DFψ(±1) = −2δ−τ ,

and by Lemma 4.A.9 the eigenvalues are solutions of the equation

−2e−λτ = λ.

When τ = 1.69 the equation has exactly two complex conjugate solutions with
real(λ) > 0, and the unstable manifold is two dimensional.

At the equilibrium ±1 set

P(0) = P0 = ±1
∂

∂σ1
P(0) = P10 = ξ0ǫλ−

∂

∂σ2
P(0) = P01 = ξ0ǫλ+

,

where ξ0 ∈ R is a constant fixing the length of the eigenvectors. Substituting
P(σ) =

∑∞
|β|=0 Pβσ

β and Pβ = ǫ(λ−β1+λ+β2)pβ , we find

F




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

Pβσ
β


 =

∞∑

k=0

e−τ(λ·β)


pk −

∑

k1+k2+k3=k
k1,k2,k3≥0

pk1pk2pk3


σk,
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where λ · β = λ−β1 + λ+β2. By substituting this into (4.6), and matching like
powers of σ, we obtain

pβ =
e−τ(λ·β)

(1− 3p200)e−τ(λ·β) − (λ · β)

∑

γ1+γ2+γ3=β
|γi|<|β|

pγ1pγ2pγ3 .

We can also explicitly derive this result using Algorithm 1, where we use as input,
p00 = ±1 and p01 = p10 = ξ0 and using

qβ = e−τ(λ·β)
∑

γ1+γ2+γ3=β
|γi|<|β|

pγ1pγ2pγ3 rβ = e−τ(λ·β)(1− 3p200).

Example: two dimensional unstable manifold in Wright’s equation

Another commonly studied example is the famous Wright’s equation, which is
given by

u′(t) = −αu(t− 1)(1 + u(t)).

Here α is a positive parameter. Classic references for Wright’s equation include the
works of [131, 63, 64]. The equation has two equilibria, namely u = 0 and u = −1,
and writing it as an ODE on a Banach space leads to

d

dt

(
u(t)
Ut

)
=

(
−αUt(−1)(1 + u(t))

d

ds
Ut

)
. (4.12)

Let Fα(x, ψ) = −αψ(−1)(1 + x). Then it follows from Lemma 4.A.9 that the
eigenvalues around u = −1 satisfy

α = λ,

hence u = −1 is a globally unstable equilibrium.
Around u = 0 on the other hand, we find that the eigenvalues satisfy

−αe−λ = λ,

an equation which has nontrivial solutions. In fact, the zero equilibrium undergoes
a Hopf-bifurcation at α = π/2, producing two (complex conjugate) unstable
eigenvalues (which we denote λ+ and λ−), as well as a periodic solution. This
periodic solution is conjectured to be the unique globally attracting slowly oscillating
periodic solution. Indeed this is known as Wright’s Conjecture, and we refer to
[77, 76] for more complete discussion of recent progress on this conjecture.

Let us begin with the case where π/2 < α < 5π/2. In this case, the equilibrium
has exactly two unstable (complex conjugate) eigenvalues, which we denote by λ+
and λ−. Set

P(0) = P00 = 0
∂

∂σ1
P(0) = P10 = ξ0ǫλ−

∂

∂σ2
P(0) = P01 = ξ0ǫλ+ ,
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where ξ0 ∈ R is a (for the moment arbitrary) constant fixing the length of the
eigenvectors.

Proceeding as before, we see that

Fα




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

Pβσ
β


 = −α

∞∑

|β|=0


pβe−λ·β +

∑

γ1+γ2=β

pγ1pγ2e−λ·γ
2


σβ ,

where λ · β = λ−β1 + λ+β2. Substituting this into (4.6), matching like powers of
σ, and recalling that p00 = 0, we find

−αpβe
−λ·β − α

∑

γ1+γ2=β
|γi|<|β|

pγ1pγ2e−λ·γ
2

= (λ · β)pβ ,

which we rewrite as

pβ = −
α

(λ · β) + αe−λ·β

∑

γ1+γ2=β
|γi|<|β|

pγ1pγ2e−λ·γ
2

. (4.13)

Alternatively, we apply Algorithm 1, using

rβ = −αe−λ·β

qβ = −α
∑

γ1+γ2=β
|γi|<|β|

pγ1pγ2e−λ·γ
2

.

Example: four dimensional unstable manifold in Wright’s equation

At α = 5
2π the origin undergoes a second Hopf bifurcation, resulting in two more

unstable eigenvalues and a (hyperbolic) periodic orbit, and we now have two distinct
pair of (complex conjugate) unstable eigenvalues. We say that the pair with larger

real part are the fast eigenvalues λf±, and the pair with smaller real part are the
slow eigenvalues λs±. All linear stability results from the previous section apply
to the present case, in particular a result almost identical to equation (4.13). The

difference is that now we have λ = (λf+, λ
f
−, λ

s
+, λ

s
−) a 4-dimensional vector and all

multi-indices are 4-tuples.

Unstable manifold of a periodic orbit

Let V(t) =
(
v
V

)
be a periodic solution of (4.29) of period T > 0, with Floquet

exponents, λ1, . . . , λm. Let
( ξj(θ)

Ξjθ

)
parameterize the unstable vector bundles. To

find the conjugating covering map P : [0, 2T ]×Bm → Xτ (in the sense of Definition
4.B.8) we impose the first order constraints

P(θ, 0) = V(θ)
d

dσj
P(θ, 0) =

(
ξj(θ)
(Ξj)θ

)
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and look for P satisfying

F(P(θ, σ)) =
∂

∂θ
P(θ, σ) +DσP(θ, σ)Λσ. (4.14)

Consider the Taylor expansion P(θ, σ) =
∑∞

|β|=0 Pβ(θ)σβ , with Pβ : [0, 2T ]→ Xτ
periodic functions. Splitting P into its components, we write equation (4.14) as



F (p(θ, σ), P (θ, σ)))

∞∑

|β|=0

σβ
d

ds
Pβ(θ)


 =




∞∑

|β|=0

∂

∂θ
pβ(θ)σβ

∞∑

|β|=0

∂

∂θ
Pβ(θ)σβ




+




∞∑

|β|=0

(λ · β)pβ(θ)σβ

∞∑

|β|=0

(λ · β)Pβ(θ)σβ



.

Matching like powers of σ in the second component gives

d

ds
Pβ(θ) =

∂

∂θ
Pβ(θ) + (λ · β)Pβ(θ).

Imposing that P is classical, and then applying the method of characteristics, leads
to

Pβ(θ)[s] = e(λ·β)spβ(θ + s),

giving the P (θ) component of P(θ) explicitly in terms of p(θ). It therefore suffices
to solve

F




∞∑

|β|=0

pβ(θ)σβ ,
∞∑

|β|=0

ǫλ·βpβ(θ + • )σβ


 =

∞∑

|β|=0

∂

∂θ
pβ(θ)σβ +

∞∑

|β|=0

(λ · β)pβ(θ)σβ ,

(4.15)

where pβ(θ + • ) denotes the map s 7→ pβ(θ + s) for s ∈ [−τ, 0]. As we see in
examples below, equation (4.15) can often be written as an infinite system of delay
equations with data periodic in θ.

Remark 4.2.2. From here on we assume that F only involves one delay (as in
Example 4.A.10). Analogous results for multiple delays are derived similarly.

Under the assumption that F only has one delay, we write the left-hand side as

F

( ∞∑

|β|=0

pβ(θ)σβ ,
∞∑

|β|=0

ǫλ·βpβ(θ + • )σβ
)

= f




∞∑

|β|=0

pβ(θ)σβ ,

∞∑

|β|=0

e−(λ·β)τpβ(θ − τ)σβ




=
∞∑

|β|=0

(
pβ(θ)r0β(θ) + pβ(θ − τ)r1β(θ) + qβ(θ)

)
σβ ,
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where qβ and rj,β are functions that depend only on pγ , with |γ| < |β|. From this
we see that equation (4.15) is a system of non-autonomous inhomogeneous linear
DDEs:

pβ(θ)r0β(θ) + pβ(θ − τ)r1β(θ) + qβ(θ) =
d

dθ
pβ(θ) + (λ · β)pβ(θ). (4.16)

Projecting onto a Fourier basis leads to

pβ(θ) =
∑

k

pβ,ke
ikωθ/2 qβ(θ) =

∑

k

qβ,ke
ikωθ/2 rjβ(θ) =

∑

k

rjβ,ke
ikωθ/2,

and we see that equation (4.16) is

∑

k1+k2=k

pβ,k1

(
r0β,k2 + e−ik1ωτ/2r1β,k2

)
+ qβ,k =

1

2
ikωpβ,k + (λ · β)pβ,k. (4.17)

Truncating all Fourier series to order N , we have that equation (4.17) is simply a
linear problem on C

2N+1, hence is easily solved by standard methods. This method
is summarized in Algorithm 2.

Algorithm 2 Unstable manifold of a periodic orbit v up to N Fourier modes

1: function Param Per(T ; c−N , . . . , cN ; ξ01 , . . . , ξ
0
m;nmax) ⊲

v(θ) ≈
∑

|k|≤N cke
ikωθ/2

2: compute λ1, . . . , λn and a1, . . . ,am ∈ C
2N+1, where

3: aj = (aj,−N , . . . , aj,N ), are chosen such that
4: ξj(θ) ≈

∑
|k|≤N aj,ke

ikωθ/2, for θ ∈ [0, 2T ] and

5: ξj satisfies (4.37) (with ξj(0) = ξ0j ).
6: p0 ← c = (c−N , . . . , cN )
7: pej ← aj
8: for all n = 1 to nmax do
9: for all |β| = n do

10: compute qβ , r
0
β , r

1
β ∈ C

2N+1 ⊲ uses only pγ with |γ| < n
11: compute the matrix Aβ satisfying

12: [Aβpβ ]k =

(
1

2
ikω + (λ · β)

)
pβ,k −

∑

k1+k2=k

pβ,k1

(
r0β,k2+e

−ik1ωτ/2r1β,k2

)

13: pβ ← A−1
β qβ ⊲ Solve for Apβ = qβ

14: end for
15: end for
16: return {pβ}0≤|β|≤nmax

17: end function

Remark 4.2.3 (Explicit form of rβ(θ) in the case of a single constant delay). A
computation similar to that of Example 4.2.1 shows the following: if F : Xτ → C is
given by

F (x, ψ) = f(x, ψ(−τ)),



126

with f : C2 → C an analytic function, then

r0β(θ) = ∂1f(v(θ), v(θ − τ))

and

r1β(θ) = ∂2f(v(θ), v(θ − τ))e−(λ·β)τ ,

where v(θ) is the periodic orbit. So, the homological equations associated with a
periodic orbit, in the case of a single constant delay, are

qβ(θ) =
d

dθ
pβ(θ) + (λ · β)pβ(θ)

− ∂1f(v(θ), v(θ − τ))pβ(θ)− ∂2f(v(θ), v(θ − τ))e−(λ·β)τpβ(θ − τ)
(4.18)

with qβ(θ) depending only on terms pδ(θ) of order |δ| < |β|. In practice it is better
to work out the form of qβ(θ) from scratch, exploiting the structure of the problem
at hand. But the calculation above verifies the claim made in the introduction;
that the homological equations are linear delay differential equations with periodic
data.

Example: one unstable Floquet exponent in the cubic Ikeda equation

As already remarked above, the cubic Ikeda equation exhibits chaotic dynamics, and
it is reasonable to think that the equation admits (many) unstable periodic orbits.
We focus on two numerically computed periodic orbits V± of period T ≈ 12.91
which appear to be the orbits of minimal period in the attractor. Numerical
computation of the normal bundle, the details of which are described in Section
4.3, suggest that these orbits have exactly one unstable Floquet multiplier each
and that the associated vector bundles are non-orientable.

We write v(θ) =
∑
k cke

ikωθ/2, and (using (4.33)) find the periodic solution by
solving

1

2
iω
∑

k

kcke
ikωθ/2 =

∑

k

cke
ikω(θ−τ)/2 −

(
∑

k

cke
ikω(θ−τ)/2

)3

.

Here we express V as a function of period 2T , due to the fact that the vector
bundles have period 2T .

Expanding the products using discrete convolutions leads to

1

2
ikωck = e−ikωτ/2

(
ck −

∑

k1+k2+k3=k

ck1ck2ck3

)
.

Similarly, by writing ξ(θ) =
∑
k ake

ikωθ/2, we solve for the parameterization of the
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vector bundle. Simultaneously solving the system





∑

k

ck = v0

∑

k

ak = ξ0

1

2
ikωck = e−ikωτ/2

(
ck −

∑

k1+k2+k3=k

ck1ck2ck3

)

1

2
ikωak = −λak + e−λτe−ikωτ/2

(
ak − 3

∑

k1+k2+k3=k

ck1ck2ak3

)
,

yields the periodic orbit, its period, its unstable Floquet exponent and its unstable
normal bundle. Here we impose the phase condition v(0) = v0 and the eigenvector
scaling ξ(0) = ξ0.

Now, to find the covering map P set

p0(θ) = v(θ) p1(θ) = ξ(θ),

and substitute equation (4.11) into equation (4.15). This gives

∞∑

k=0

ǫλk(−τ)pk(θ − τ)σk −

(
∞∑

k=0

ǫ−λk(τ)pk(θ − τ)σk

)3

=

∞∑

k=0

∂

∂θ
pk(θ)σk +

∞∑

k=0

λkpk(θ)σk.

Matching like powers of σ gives

e−λkτpk(θ − τ)− e−λkτ
∑

k1+k2+k3=k

pk1(θ − τ)pk2(θ − τ)pk3(θ − τ) =

∂

∂θ
pk(θ) + λkpk(θ).

In particular,

qk(θ) = −e−λkτ
∑

k1+k2+k3=k
k1,k2,k3<k

pk1(θ − τ)pk2(θ − τ)pk3(θ − τ)

rk(θ) = e−λkτ
(
1− 3p0(θ − τ)2

)
,

and we obtain an equation of the form (4.16), namely

d

dθ
pk(θ) + λkpk(θ) = rk(θ)pk(θ − τ) + qk(θ).

This equation is solved iteratively via Algorithm 2.
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Example: two (complex conjugate) unstable Floquet exponents in
Wright’s equation

As we mentioned in Section 4.2.1 and Section 4.2.1, Wright’s equation undergoes
Hopf-bifurcations at α = π/2 and α = 5π/2. While the first bifurcation produces
a globally attracting (slowly oscillating) periodic solution, the second bifurcation
yields an unstable periodic solution whose period is less than 1. This unstable
periodic orbit has two complex conjugate Floquet exponents and we consider now
the parameterization of the associated local unstable manifold.

Again, write v(θ) =
∑
k cke

ikωθ/2, and simultaneously solve for the periodic
orbit, its period, a Floquet exponent and its eigenfunction by considering the
system of equations




∑

k

ck = v0,

∑

k

ak = ξ0,

1

2
ikωck = −αcke

−ikωτ/2 − α
∑

k1+k2=k

ck1ck2e
−ik1ω/2,

1

2
ikωak = −λak − αake

−ikω/2 − α
∑

k1+k2=k

(ak1ck2 + ck1ak2) e−ik1ωτ/2.

Here we impose the phase condition v(0) = v0 and the eigenvector scaling ξ(0) = ξ0.
It can be shown that for the unstable periodic solution, the above system

has two (complex conjugate) solutions, corresponding to two (complex conjugate)
unstable Floquet multipliers eλ+T and eλ−T , with corresponding eigenfunctions
ξ±. Set

p00(θ) = v(θ) p10(θ) = ξ+(θ) p01 = ξ−(θ),

and substitute equation (4.12) into equation (4.15). If we denote λ = (λ+, λ−),
then matching like powers of σ leads to

−αe−(λ·β)pβ(θ − 1)− α
∑

γ1+γ2=β
γ1,γ2 6=β

e−(λ·γ1)pγ1(θ − 1)pγ2(θ) =
∂

∂θ
pβ(θ) + (λ · β)pβ(θ).

In particular, we have

qβ(θ) = −α
∑

γ1+γ2=β
γ1,γ2 6=β

e−(λ·γ1)pγ1(θ − 1)pγ2(θ),

r0β(θ) = −αp00(θ − 1),

r1β(θ) = −αe−(λ·β) (1 + p00(θ)) ,

an equation of the form (4.16). This leads us to the following expression:

qβ(θ) + r0β(θ)pβ(θ) + r1β(θ)pβ(θ − 1) =
d

dθ
pβ(θ) + (λ · β)pβ(θ),

which we solve iteratively via Algorithm 2.
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Unstable manifold of an equilibrium for state dependent de-

lays

The theory discussed in Section 4.2.1 is still, to some degree, applicable to the state
dependent case. Although state-dependent problems may be ill-posed on any phase
space Cτ , we will apply the formalism for the constant delay case. Justification of
these computations, via mathematically rigorous a-posteriori analysis, will make
the topic of a future work.

In the state dependent case we encounter the composition function

C(x, φ) := φ(−τ + κx),

and need the power-series expansion

C




∞∑

|β|=0

pβσ
β ,

∞∑

|β|=0

ǫ(λ·β)pβσ
β


 =

∞∑

|β|=0

cβσ
β ,

i.e. we seek cβ such that

∞∑

|β|=0

cβσ
β =

∞∑

|β|=0

pβσ
βe−τ(λ·β) exp


κ(λ · β)

∞∑

|β|=0

pβσ
β


 .

In other words, the problem of composition reduces to composing the unknown
function p(σ) with the exponential map. We will develop a power-series expansion
for

gβ(σ) := exp (κ(λ · β)p(σ)) =

∞∑

|γ|=0

gβ,γσ
γ ,

which will allow us to write

∞∑

|β|=0

cβσ
β =

∞∑

|β|=0

pβσ
βe−τ(λ·β)




∞∑

|γ|=0

gβ,γσ
γ




=
∞∑

|β|=0

σβ
∑

γ1+γ2=β

pγ1e−τ(λ·γ
1)gγ1,γ2 .

We then have that c0 = p0 and for β 6= 0,

cβ =
∑

γ1+γ2=β

pγ1e−τ(λ·γ
1)gγ1,γ2

= pβe
−τ(λ·β)gβ,0 +

∑

γ1+γ2=β
γ1,γ2 6=0

pγ1e−τ(λ·γ
1)gγ1,γ2 .
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Consider the coefficients of g. First

∂ejgβ(σ) = κ(λ · β)gβ(σ)∂ejp(σ),

and the multivariate form of the general Leibniz gives that for all |γ| ≥ 0,

∂γ+ejgβ(σ) = κ(λ · β)∂γ(gβ(σ)∂ejp(σ))

= κ(λ · β)
∑

η≤γ

(
γ
η

)
∂ηgβ(σ)∂γ−η+ejp(σ).

Combining this with the multivariate form of the Taylor theorem, we find that

cβ,γ = ∂γgβ(0)/γ!

and that pγ = ∂γp(0)/γ! . Then

gβ,γ+ej =
κ(λ · β)

(γ + ej)!

∑

η≤γ

(
γ
η

)
η!gβ,η(γ − η + ej)!pγ−η+ej

=
κ(λ · β)

γj + 1

∑

η1+η2=γ+ej
η2 6=0

(η2)jgβ,η1pη2 .

In summary

gβ,γ =
κ(λ · β)

γj

∑

η1+η2=γ
η2 6=0

(η2)jgβ,η1pη2 , (4.19)

where j is any index such that γj 6= 0. Note that gβ,γ depends on those coefficients
pη for which |η| ≤ |γ|.

This not only provides us with an iterative expression for the coefficients of gβ ,
it also shows that the second term of the coefficients of the compositions,

cβ = pβe
−τ(λ·β)gβ,0 +

∑

γ1+γ2=β
γ1,γ2 6=0

pγ1e−τ(λ·γ
1)gγ1,γ2 , (4.20)

depends only on those pη for which |η| < |β|. Then, in many cases, we can still
apply Algorithm 1; albeit with a more delicate expression for qβ and rβ .

Example: two dimensional unstable manifolds in a state-dependent per-
turbation of Wright’s equation

Consider the state-dependent DDE defined by

u′(t) = −αu(t− 1 + ǫu(t))− αu(t)u(t− 1), (4.21)

where α is a positive parameter and where we start by thinking of |ǫ| as small.
When ǫ = 0, equation (4.21) is Wright’s equation. We can consider (4.21) as a
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state-dependent perturbation of Wright’s equation and analyze the equilibria u = 0
and u = −1.

Using the ODE formalism, we can alternatively write (4.21) as

d

dt

(
u(t)
Ut

)
=

(
−αUt(−1 + ǫu(t))− αu(t)Ut(−1),

d

ds
Ut

)
. (4.22)

Let F (x, φ) = −αφ(−1 + ǫx) − αxφ(−1). Then (using Example 4.A.11) we see
that the eigenvalues satisfy

−αe−λ = λ,

an equation independent of ǫ. Then equation (4.21) has exactly the same eigenvalues
as the traditional Wright’s equation. It follows that for π/2 < α < 5π/2 we still
find two unstable eigenvalues, which we denote by λ+ and λ−.

We hope to parametrize a 2-dimensional unstable manifold at this equilibrium,
and set

P(0) = P0 = 0
∂

∂σ1
P(0) = P10 = ξ0ǫλ−

∂

∂σ2
P(0) = P01 = ξ0ǫλ+ ,

where ξ0 ∈ R is a constant fixing the length of the eigenvectors.
Consider the left hand side of (4.6). We have

F (p(σ), P (σ)) = −α
∞∑

|β|=0

pβσ
βe(λ·β)(−1+ǫp(σ)) − α

∞∑

|β|=0

σβ
∑

γ1+γ2=β

pγ1pγ2e−(λ·γ1).

Define gβ(σ) = exp(ǫ(λ · β)p(σ)) =
∑∞

|γ|=0 gβ,γσ
γ and, using the expression from

equation (4.20), we see that the invariance equation (given in (4.6)) becomes

−α
∞∑

|β|=0

σβ
∑

γ1+γ2=β

pγ1e−(λ·γ1)
(
gγ1,γ2 + pγ2

)
=

∞∑

|β|=0

(λ · β)pβσ
β .

Then matching like powers of σ leads to

−α
∑

γ1+γ2=β

pγ1e−(λ·γ1)
(
gγ1,γ2 + pγ2

)
= (λ · β)pβ .

Isolating pβ , and using the fact that p0 = 0 (and hence gβ(0) = 1) we obtain

−αpβe
−(λ·β) − α

∑

γ1+γ2=β
γ1,γ2 6=0

pγ1e−(λ·γ1)
(
gγ1,γ2 + pγ2

)
= (λ · β)pβ .

The second term in the left-hand side only depends on pγ with |γ| < |β|, which
allows us to iteratively solve for pβ .
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In particular, if setting

rβ = −αe−(λ·β)

qβ = −α
∑

γ1+γ2=β
γ1,γ2 6=0

pγ1e−(λ·γ1)
(
gγ1,γ2 + pγ2

)
,

we solve for pβ by direct application of Algorithm 1.

Numerical applications

Computation of eigenvalues and eigenvectors

Algorithm 1, describing the computation of the unstable manifold of an equilibrium,
relies on two pieces of initial data: namely the equilibrium itself and eigendata. Due
to Lemma 4.A.9 we can, in our examples, find the eigenfunctions and eigenvalues
by solving an equation of the form

a+ be−λτ = λ. (4.23)

The well known solutions of such transcendental characteristic equations are given
by

λ =
1

τ
Wk(bτe−aτ ) + a,

where Wk denotes the k-th branch of the Lambert-W function. Then any numer-
ical implementation of the Lambert-W function produces the eigenvalues of an
equilibrium. Or, if so desired, one can solve equation (4.23) using Newton’s method.
(This is an especially attractive option if validated numerical results are desired).

Likewise, Algorithm 2 for computing the unstable manifold of a periodic solution
relies on an accurate computation of the unstable eigenbundle, which requires that
we solve the system described in (4.36). However, while it is relatively easy
to compute the number of unstable eigenvalues in the case of an equilibrium,
determining the number of unstable Floquet multipliers of a periodic solution is
less straightforward. Finding a suitable starting point for a Newton scheme for
solving equation (4.36) is challenging in practice. We obtain a suitable starting
point for the Newton iteration using techniques similar to those of [71, 40], and we
refer to the work just cited for more complete discussion. Below we only sketch
the method.

We determine the number of unstable eigenvalues, and their approximate values,
by computing an approximation of the monodromy operator M(T ) associated with
the periodic orbit. Likewise, we construct approximations of the eigenfunctions
by looking at the eigenvectors of the approximation of M(T ). We construct this
approximation ofM(T ) as an operator on the n-dimensional subspace Sn ⊂ C[−τ, 0]
of continuous piecewise linear functions (splines) with their base-points in a uniform
grid of n points. (We choose to work with splines because these can be made
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to interact nicely with our DDE integrator of choice, the default Matlab DDE
integrator: dde23).

By taking an initial history in Sn ∼= R
n and numerically integrating this, we

approximate the Poincaré map on R
n near a previously computed periodic solution.

The approximation of the monodromy operator is then given by the derivative
of this Poncaré map. The eigenvalues of this derivative approximate the Floquet
multipliers of the periodic solution of the DDE, and the eigenvectors provide a
spline-approximation of the eigenfunctions corresponding to the periodic solution.
Taking the FFT gives initial data for the Newton scheme in Fourier space.

Decay rates and scaling

Besides the detailed eigendata that we covered above, algorithms 1 and 2 rely on
one more piece of data, namely the scaling of the eigenfunctions. Since a scalar
multiple of an eigenvector remains an eigenfuncton, the question remains: which
scaling produces the “optimal” parametrization?

Since we know that the conjugating charts describing the unstable manifolds are
analytic, we know that the Taylor coefficients of these charts decay exponentially.
This means that, after computing enough terms, we will wind up with coefficients
that are smaller than the machine-epsilon. It is clear that once this point has been
reached, further computation is no longer meaningful. Since the conjugating charts
are given by power series (with decay coefficients), we can a priori expect these to
hold well at least on the unit ball.

This opens the door to our means of choosing the scaling. Namely, as is evident
from the algorithms, choosing a larger scaling will result in larger coefficients.
Therefore when given a fixed number of coefficients, we can simply choose our
scaling such that the last coefficients are of machine precision. This will allow us to
cover a part of the unstable manifold that is as large as possible while restricting
the domain of the chart to the unit ball. Numerical algorithms for adaptively
choosing the eigenvector scalings are discussed in detail in [8].

Benchmarks

In the remainder of this section, we discuss numerical results for examples developed
in 4.2. To compare our results, we will, for all of the examples in Section 4.2,
explicitly check the conjugacy relations covered in Definitions 4.B.1 and 4.B.8. The
conjugacy is checked via numerical integration.

In particular, after choosing an arbitrary initial point σ0 ∈ Bm, we compare
u1i := φ(P (σ0), τ) and u1p := P (eΛτσ0), i.e., we check how well the conjugacy holds
after flowing an amount of time forward equal to the (maximum) delay of the DDE.

In these examples we choose our initial σ0 in such a way that after applying the
linear conjugation, we remain in the unit ball, but relatively close to the boundary.
That is, we choose σ0 such that |eΛτσ0| ≈ 0.9.

Given u0 := P (σ0) ∈ Cτ we then calculate u1i = 1 using the Matlab integrator
dde23, in the case of constant delay, and ddesd for the state-dependent case. In
either case, we use a relative tolerance of 10−9 and an absolute tolerance of 10−11,
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which in each of these cases results in a solution comprised of approximately 103

integration steps.
Finally, in order to evaluate the polynomial P we use specially modified version

of Horner’s algorithm that incorporates the many exponentials (of the form eλ·β)
to be evaluated.

The final defect is obtained by comparing the resulting Cτ functions in the
L2 norm. Since the numerical integration (in each of the considered cases) uses
approximately a thousand integration steps and has a relative tolerance of 10−9,
we can expect a defect in the numerical integration of approximately 10−6. Hence
if the parametrization is (at least) as accurate as the numerical integrator, we also
expect the difference between the two Cτ functions to be of the order of 10−6.

Unstable manifolds of the cubic Ikeda equation

In the following subsections we shall calculate several unstable manifolds related
to the cubic Ikeda equation. To provide the resulting pictures with a little more
context, we have also computed a rough estimation of the chaotic attractor of the
cubic Ikeda system, shown in Figure 4.3. This was done by picking a point on the
unstable manifold of the origin and integrating for roughly a thousand time steps.

Figure 4.3: The attractor (yellow) and the unstable manifold (red) of the cubic
Ikeda equation at u = 0. The attractor is computed simply by integrating arbitrary
initial conditions using a standard DDE integrator. The unstable manifold is
obtained by plotting the parameterization computed to 120 terms. Note that the
parameterization captures several turns in the manifold, i.e. is far from the linear
approximation (is not for example the graph of any function). The parameterization
turns several times quite sharply near the ends.

1D unstable manifold through the equilibrium u = 0.

For τ = 1.59 the linearized cubic Ikeda equation at the origin has exactly one
unstable direction, with corresponding eigenvalue

λ =
1

τ
W0(τ) ≈ 0.47208.
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We parametrize the unstable manifold to polynomial order 120, i.e. we use 121
Taylor coefficients. For the scaling we choose the eigenfunction ξ0eλs with ξ0 = 27.0.
The resulting manifold is plotted in Figure 4.3. The restricting factor in this
computation is given by the amount of precision that can be attained in the
computation of the coefficients. As can be seen in Figure 4.4, the largest coefficient
in this scaling is already of the order of 108, meaning that evaluating with the
normal machine precision of 10−16 this polynomial can only be done with a precision
up to 10−8. These results could therefore be significantly improved by making use
of multiple-precision software. Using u0 = P (0.45), we find that

‖u1p − u
1
i ‖2 ≈ 9.25× 10−7.

Not only does this lie within the expected error of the numerical integrator,
but the resulting manifold actually captures a lot of interesting behavior. This can
readily be seen from Figure 4.6, where several clear bends following the attractor
can be observed.
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Figure 4.4: Left frame: the first 9 eigenvalues of the linearized cubic Ikeda equation
at the origin. Right frame: the decay of the coefficients of the parametrization of
the unstable manifold at u = 0.

2D Unstable manifold of the equilibrium u = ±1.

For τ = 1.59 the linearized cubic Ikeda equation at the equilibria u = ±1 has exactly
two unstable directions, with corresponding (complex conjugate) eigenvalues

λ+ =
1

τ
W0(−2τ) ≈ 0.32056 + 1.15780i

λ− =
1

τ
W0(−2τ) ≈ 0.32056− 1.15780i.

We parametrize the unstable manifold to polynomial order 42, i.e. we use 43 ×
43 = 1849 Taylor coefficients, shown in Figure 4.5. Since the eigenvalues are
complex conjugates, we choose the same scaling for both eigenfunctions, namely
the eigenfunctions are given by ξ0eλ±s, where ξ0 = 0.95.
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Even though the eigenvalues, and also the coefficients produced by Algorithm
1, are complex, we still realize the manifold as a real-valued manifold in Cτ . In
fact, one easily checks that the coefficients of P are complex conjugate. Then the
map z 7→ P (z, z) maps the complex (2-dimensional) unit disk in C to a real-valued
image in Cτ . The resulting manifold is illustrated in Figure 4.6. Use of complex
conjugate coordinates to obtain real images with the parameterization method is
discussed in more detail in [91, 78]. Using u0 = P (0.25 + 0.3i, 0.25− 0.3i), we find
that the defect of the conjugacy is

‖u1p − u
1
i ‖2 ≈ 2.79× 10−6.

-1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4

-15

-10

-5

0

5

10

15

0 10 20 30 40 50
10

-20

10
-15

10
-10

10
-5

10
0

10
5

Figure 4.5: Left frame: the first 8 eigenvalues of the linearized cubic Ikeda equa-
tion at the points u = ±1. Right frame: the decay of the coefficients of the
parametrization of the unstable manifolds at u = ±1.

Figure 4.6: The equilibria (black dots), attractor (yellow) and two-dimensional
manifolds at u = ±1 (green) as seen from two different angles. Note how these two
manifolds wrap closely around each other near the origin.

2D Unstable manifold of two periodic orbits.

We consider the two minimal periodic orbits of period T ≈ 12.91003 illustrated in
Figure 4.8. These periodic orbits, each of which is simply the negative of the other,
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have one unstable Floquet multiplier approximately equal to −3.85. Using this, we
then find that the corresponding real Floquet exponent is given by

λ ≈ 0.10452.

In this example we parametrize the unstable manifold to 50th order and employ
140 Fourier modes, using 51× (2× 140 + 1) = 14331 Fourier-Taylor coefficients.
The decay of these coefficients is shown in Figure 4.7. For the scaling, we choose
the eigenfunction ξ such that ‖ξ‖2 = 0.31, where we use the ℓ2 norm on the space
of Fourier-coefficients. Note that since the Floquet multiplier is negative, the
manifolds are not orientable, i.e., they are homeomorphic to a Möbius band. Using
u0 = P (θ, σ) = P (4.0, 0.7), we find that the defect of the conjugacy is

‖u1p − u
1
i ‖2 ≈ 1.92× 10−6.
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Figure 4.7: The decay of the coefficients of the parametrization of the unstable
manifold of the minimal periodic solutions of the cubic Ikeda equation.

Unstable manifolds of Wright’s equation

In the next applications we will focus on Wright’s equation with either α = 2.2 or
α = 9.0.

2D Unstable manifold of the equilibrium u = 0 for α = 2.2.

For α = 2.2 the linearized Wright’s equation at the equilibrium u = 0 has exactly
two unstable directions, with corresponding (complex conjugate) eigenvalues

λ+ = W0(−2.2) ≈ 0.24151+1.71102i

λ− = W−1(−2.2) ≈ 0.24151−1.71102i.

We parametrize the unstable manifold up to 130th order, using 131× 131 = 17161
Taylor coefficients, shown in Figure 4.9. The resulting manifold is illustrated
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Figure 4.8: The attractor (yellow) and two-dimensional manifolds (blue) of the pe-
riodic orbits (magenta). The attractor is computed simply by integrating arbitrary
initial conditions using a standard DDE integrator. The periodic orbit is computed
using 140 Fourier modes. The unstable manifold is parameterized to Taylor order
51, where again each Taylor coefficient is computed with 140 Fourier modes.

in Figure 4.10. We choose the eigenfunctions ξ0eλ±s, with ξ0 = 1.05. Using
u0 = P (0.3 + 0.4i, 0.3− 0.4i), we find that the defect of the conjugacy is

‖u1p − u
1
i ‖2 ≈ 8.47× 10−7.
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Figure 4.9: Left frame: the first 8 eigenvalues of the linearized Wright’s equation at
the point u = 0. Right frame: the decay of the coefficients of the parametrization
of the unstable manifold at u = 0.

4D Unstable manifold of the equilibrium u = 0 for α = 9.0.

For α = 9.0 the linearized Wright’s equation at the equilibrium u = 0 has exactly
four unstable directions, with two pairs of corresponding (complex conjugate)
eigenvalues. We divide the eigenvalues into fast and slow subsystems, i.e.

λf+ = W0(−9) ≈ 1.28926+2.11767i λs+ = W1(−9) ≈ 0.13390+7.87099i

λf− = W−1(−9) ≈ 1.28926−2.11767i λs− = W−2(−9) ≈ 0.13390−7.87099i.
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Figure 4.11: Left frame: the first 10 eigenvalues of the linearized Wright’s equation
at the point u = 0. Right frame: the decay of the coefficients of the parametrization
of the unstable manifold at u = 0.

Figure 4.12: The two-dimensional fast manifold (red) and the two-dimensional
slow manifold (green) manifold at u = 0 as seen from two different angles. The
unstable periodic orbit of period T ≈ 0.805 is shown in yellow. The manifolds seem
to intersect one another (and the periodic orbit) because of the projection to 3
dimensions.
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Figure 4.13: Several tori along the boundary of the 4D unstable manifold of
the u = 0 equilibrium of Wright’s equation for α = 9.0. Depicted are the tori
corresponding to c ∈ {0.99, 0.61, 0.21, 0.08}

choose the eigenfunction ξ such that ‖ξ‖2 = 2.5, where we used the ℓ2 norm on
the space of Fourier-coefficients. The decay of these coefficients is shown in Figure
4.14.

The local unstable manifold is a solid torus in Cτ . The boundary of this manifold
actually extends quite “far” from the periodic orbit. This can readily be seen from
the fact that while we can bound ‖v(θ)‖ ≤ 1.2 in Cτ , it is possible to find |z| < 1
and θ such that ‖P(θ, z, z)‖ ≥ 40.

In order to obtain a clear picture, we picture the submanifold consisting of
the image of all z ∈ D such that |z| = 0.25 in Figure 4.15. For |z| = 0.25
we can calculate that ‖P(θ, z, z)‖ ≤ 5. Equivalently, the submanifold in 4.15
would be the boundary (i.e., the points corresponding to |z| = 1) of the unstable
manifold had we chosen a scaling of ‖ξ‖2 = 0.25 × 2.5 = 0.625 instead. Using
u0 = P (θ, z, z) = P (0.3, 0.15 + 0.1i, 0.15 − 0.1i), we find that the defect of the
conjugacy is

‖u1p − u
1
i ‖2 ≈ 4.30× 10−6.

Unstable manifold of a state dependent delay equation

For α = 2.2 and all ǫ, the linearized equation of the state dependent Wright’s
Equation at the equilibrium u = 0 has exactly two unstable directions, with
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Figure 4.14: The decay of the coefficients computed for the parametrization of the
unstable manifold, corresponding to the minimal periodic solutions of the cubic
Ikeda equation.

Figure 4.15: The periodic orbit (yellow) and two-dimensional submanifold (blue)
of the unstable manifold of the periodic orbit corresponding to |z| = 0.25.
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corresponding (complex conjugate) eigenvalues

λ+ = W0(−2.2) ≈ 0.24151 + 1.71102i λ− = W−1(−2.2) ≈ 0.24151− 1.71102i.

We will, in the following, assume (and later check) that the state dependent delay,
given by τ(u(t)) = 1 − ǫu(t) satisfies 0 ≤ τ ≤ 2. We parametrize the unstable
manifold up to 42nd order, using 43× 43 = 1849 Taylor coefficients. The decay of
the coefficients, for different values of ǫ, is illustrated in Figure 4.16. For each value
of ǫ, a slightly different scaling is optimal. These are shown in the same figure.
Finally, although the maximal relevant delay might vary, depending on ǫ, we chose
to evaluate the resulting parametrization using the delay embedding coordinates
corresponding to {−1,−0.5, 0}. The resulting manifolds are shown in Figure 4.17.

Using u0 = P (0.3 + 0.2i, 0.3− 0.2i), we have also plotted the defects in the last
frame of Figure 4.16.
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Figure 4.16: Left frame: decay of the Taylor coefficients. Middle frame: the scaling
used for each ǫ. Right frame: the defect in the conjugacy for each value of ǫ.

Figure 4.17: The unstable manifold of the state-dependent perturbation of Wright’s
equation, for several values of ǫ. The green manifold corresponds ǫ = 0, while the
dark blue one at the centre corresponds to ǫ = 1. Note that while these manifolds
do lie closely together, they do not exactly overlap.

Conclusions

In this chapter we developed parameterization methods for unstable manifolds
of both equilibrium and periodic solutions of delay differential equations (DDEs).



144

After reviewing the classical reformulation of a DDE as an ordinary differential
equation (ODE – on a function space) we studied first a flow conjugacy equation
defining chart/covering maps for the local unstable manifolds, and then an in-
finitesimal version of the conjugacy. The infinitesimal version involves only the
vector field/ODE derived from the delay equation (rather than the unknown flow),
the eigendata associated with the equilibrium/periodic solution, and has only the
desired parameterization as an unknown.

We then solved the infinitesimal conjugacy equation via formal series methods:
Taylor methods were used in the equilibrium case and Fourier-Taylor methods in
the periodic case. In both cases the series involve exponential weight functions
which recover the backwards time trajectories of points on the manifold. The
correct exponential weights fall out of our formal computations, once the DDE is
properly reformulated as an ODE on a function space. This fact motivates the
careful review of the ODE set-up early in the chapter.

Next we gave a power matching argument which led to linear equations for the
unknown series coefficients, i.e. the jets of the unstable manifold. We developed
numerical algorithms for recursively solving these linear equations, leading to
polynomial approximations of any desired order. The power matching scheme
has a technical flavor and concrete examples are needed to illustrate its utility.
We therefore applied our method to several dynamical situations in two different
example problems: the cubic Ikeda equation and Wright’s equation. We provide
worked examples of the coefficient computation for equilibria having 1, 2, and 4
unstable directions and for periodic solutions having 1 and 2 unstable Floquet
multipliers. The example computations demonstrate that our method does not
apply just to one and two dimensional manifolds. In all cases we computed the
expansions to high order to illustrate the automatic flavor of the computations, i.e.
that once the correct homological equations are derived the order of the computation
appears simply as a loop parameter. Many of our example computations involve
systems with only a single constant delay, but we also provide an example of the
use of our method for the case of an equation with a state dependent delay.

Both the example systems considered in the present work involved polyno-
mial nonlinearities, and an interesting future project would be to implement our
methods for systems with more general nonlinearities such as the Ikeda equation
(trigonometric nonlinearity) or the Mackey-Glass equation (rational nonlinearity
with non-integer powers). Numerical implementation for such systems could exploit
techniques of automatic differentiation. See for example the work of [45, 81, 65] for
a dynamical systems perspective on automatic differentiation close to the philoso-
phy of the present work, or the classic text of [69] for a presentation closer to the
tradition of computer science. It is also clear that our method applies to equations
involving multiple delays, to systems with “continuous delays” (i.e. systems where
the delay is given by an integral over the history of the solution), and even to
systems of scalar delay equations. Working out the implementation details for
some of these extensions would make another interesting future project. It should
also be possible to extend the methods developed here to parabolic PDEs with
delay terms, but we have not explored this possibility in any detail.

The computations in the present work result in polynomial approximations
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of the local unstable manifolds, and we have made no effort to extend our local
manifolds via numerical integration. However, by combining our methods with
continuation methods developed for delay equations in [40, 71, 108], one should be
able to compute larger sections of the unstable manifolds than could be computed
when solely relying on one of these techniques. This would make an excellent topic
for a future study.

The focus of the present work is on seminumerical methods for computing high
order expansions of invariant manifolds for delay equations, and we have made only
nominal efforts to quantify the errors in our computations. Yet there is a growing
literature devoted to validated numerics for parameterized invariant manifolds for
equilibria and periodic orbits. The works of [62, 103, 102, 21] would seem to suggest
that mathematically rigorous, a-posteriori, computer assisted error bounds for our
unstable manifold expansions are not too far out of reach. We are also strongly
encouraged by the rigorous computer assisted Fourier analysis of periodic solutions
of delay differential equations developed in [76, 67, 77, 66]. Indeed we have done
some preliminary work on validating our results, and these results appear quite
promising. A manuscript devoted to this topic is in preparation.

One exciting feature of this kind of constructive, a-posteriori, computer assisted
analysis is that it may be possible to prove directly the existence of invariant
objects for systems such as state dependent delay equations or equations with
both positive and negative delays, where a-priori results are either unavailable or
very difficult to obtain. Computer assisted proofs of chaos could be built on such
methods by studying intersections of stable and unstable manifolds of periodic
orbits, following the approach and references discussed in [98, 130, 18, 78, 30].

Acknowledgments

The authors would like to thank Rafael de la Llave for very helpful discussions and
for much encouragement as this project evolved. We especially thank him for his
hospitality during a trip both authors made to Georgia Tech in May of 2016, which
marked the start of this work. Both authors also thank J.–P. Lessard for many
discussions about delay differential equations over the years. Our interest in this
field was spurred by his enthusiasm. We also thank J.B. van den Berg for both his
corrections and suggestions after reading an earlier version of this manuscript, and
for his continued support and encouragement as the supervisor of the first author.
Finally, we would also like to acknowledge the work of two anonymous referees.
The final version of the manuscript is substantially improved thanks to them. The
second author was partially supported by NSF grant DMS - 1461416, NSF grant
DMS-1700154, and by the Alfred P. Sloan Foundation grant G-2016-7320.

Dynamical systems approach to DDEs

This sections recalls the dynamical systems approach to delay differential equations,
i.e. we describe how such problems lead to ODEs on a function space. We consider
a somewhat larger class of problems than introduced in Section 4.1.1. This material
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is classical, but we include it to give a self contained presentation. For more
complete exposition of this material we refer to the works of [43, 72, 44, 50, 129].
We also describe the embedding coordinates used to plot the orbits and manifolds
throughout the present work. The reader familiar with these notions may want to
skim or skip Section 4.A, and refer back to it only as needed.

Functional differential equations: delay equations as ODEs

on a Banach space

−τ
τ 2τ

x(t)

t

x

Initial history

x([−τ, 0])

−τ
τ 2τ

x(t)

taa− τ

x([a− τ, a])

Moving window

of length τ

x

Figure 4.18: Left frame: solution of a delay equation with initial history segment
colored in red. Right frame: solution of same delay equation with the evolution of
the initial segment by time t = a colored red.

An autonomous, scalar, delay differential equation, with one constant delay of
τ > 0 is an equation of the form

d

dt
x(t) = f(x(t), x(t− τ)), (4.24)

where f : R2 → R is a smooth function. Note that the solution on the interval [0, τ ]
depends on the function values of x(t) on [−τ, 0]. For example x′(0) = f(x(0), x(τ))
and more generally x′(ǫ) = f(x(ǫ), x(ǫ− τ)) for ǫ ∈ [0, τ ]. Then the initial history
segment x|[−τ,0] must be specified in order to determine the forward solution. The
situation is illustrated in Figure 4.18, and captures the major difference between
ordinary and delay differential equations.

Similarly, the equation is said to have n constant delays 0 < τ1 < . . . < τn if it
is of the form

d

dt
x(t) = f(x(t), x(t− τ1), . . . , x(t− τn)), (4.25)

for a smooth function f : Rn+1 → R.
More generally an autonomous delay differential equation (with maximum delay

τ) is given by the functional differential equation

u′(t) = F (ut), (4.26)
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where F : C[−τ, 0]→ C and where for each t ∈ [0,∞) we define ut : [−τ, 0]→ C by
ut(s) = u(t+ s). For each t the function ut ∈ C[−τ, 0] represents the “history” of
the function u at time t that is relevant with respect to the delay τ . (If the solution
is not defined for all time, then take t in the maximal interval of existence.) Since
the derivative in each t can depend on all values in [t− τ, t], an initial condition
for (4.26) must be a function on [−τ, 0].

Using this formalism, we can distinguish different types of DDEs, namely
constant-delay differential equations and state-dependent delay differential equations.

Definition 4.A.1 (DDEs with constant delay). We say that the functional dif-
ferential equation in (4.26) has a constant delay if there exist τ1, . . . , τn ∈ [−τ, 0]
such that F : C[−τ, 0]→ C is of the form

F (φ) = f(φ(−τ1), . . . , φ(−τn)),

or if F can be written as a point-wise limit of such functions.

Definition 4.A.2 (DDEs with state-dependent delay). We say that the functional
differential equation in (4.26) has a state-dependent delay if there exist functions
τ1, . . . , τn : C→ [−τ, 0] such that F : C[−τ, 0] is of the form

F (φ) = f
(
φ
(
− τ1(φ(0))

)
, . . . , φ

(
− τn(φ(0))

))
.

or if F can be written as a point-wise limit of such functions.

Remark 4.A.3. First, it should be noted that allowing for point-wise limits
also allows for functions F which involve integrals over the delay. Integral type
DDEs involving a delay-kernel are often considered as the most general cases for
linear DDEs. Second, it should be noted that these two types do not exhaust
the set of delay equations. A well studied type of equation we ignored in this
classification is the class of neutral-DDEs, where the derivative may also involve a
delay. Furthermore, the delay could, instead of just depending on the current state
ut(0) also depend on the whole history of u. In this chapter, we shall only treat
constant or state-dependent cases with one or two delays (in which case one of the
delays will be zero).

In the case that F has only one constant delay, it is easy to see that initial value
problems for such DDE’s generally have a unique solution. For such a problem we
can write

F (ut) = f(u(t), ut(−τ)) = f(u(t), u(t− τ)),

where f : C2 → C. This means that for any initial condition ψ ∈ C[−τ, 0] and any
t ∈ [0, τ ] our DDE becomes a non-autonomous ODE

u′(t) = f(u(t), ψ(t− τ)).

Hence, for well-behaved functions f , the Picard–Lindelöf theorem guarantees the
existence and uniqueness of solutions. If we have existence up to t = τ we can
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even repeat this process, by considering u on [0, τ ] as the initial value, to show
existence up to t = 2τ and so on. A similar result can be shown for DDEs with
more discrete delays or autonomous DDEs with constant delays.

Remark 4.A.4. It should be noted that this technique only allows us to go
“forward” in time. The backward’s time problem for DDEs is in general not well-
defined and in the case of state-dependent DDEs both the forward and backward
may be ill-posed.

If we wish to study DDEs as dynamical systems, we need to identify the phase-
space. Since F depends on ut : [−τ, 0]→ C, the natural choice for the phase-space
is Cτ := C[−τ, 0]. A solution of (4.26) in the phase-space is therefore given by the
time-dependent family of functions ut ∈ Cτ , where ut(s) = u(t+ s).

In order to consider our problem as a dynamical system, we now wish to arrive
at an expression for d

dtut. Suppose we have some ut0 for a fixed time t0 and consider
some small ǫ > 0. Since ut(s) = u(t+ s) for any s ∈ [−τ, 0], we should have that
ut0+ǫ(s) = ut0(s+ ǫ) whenever −τ ≤ s+ ǫ ≤ 0, hence we can write

ut0+ǫ(s) =





ut0(s) +

∫ t0+s+ǫ

t0+s

F (uσ)dσ if s+ ǫ ≥ 0

ut0(s+ ǫ) if s+ ǫ ≤ 0.

Taking the limit d
dtut = limǫ→0

ut+ǫ−ut
ǫ then means that

d

dt
ut(s) =

{
F (ut) if s = 0
d
dsut(s) if s < 0.

(4.27)

What we see is that if we want to express our DDE as a vector field on Cτ , then we
have to make a distinction between how it acts on ut(0) and ut(s) for s ∈ [−τ, 0).
This reformulation of the DDE as a flow on a function space is illustrated in Figure
4.19. To highlight this distinction, let us make the following definition.

Definition 4.A.5 (The discontinuous phase-space of a DDE). Let Xτ be the space
of all functions on [−τ, 0] that are uniformly continuous on [−τ, 0) and that may
posses a jump-discontinuity at s = 0. In notation:

Xτ := C× Cc([−τ, 0)),

where Cc([−τ, 0)) denotes the uniformly continuous functions on [−τ, 0). We define
the norm in Xτ by ‖(x, ψ)‖ = max{|x|, ‖ψ‖∞}. Since Cc([−τ, 0)) ∼= C[−τ, 0] = Cτ ,
we can equivalently define

Xτ := C× Cτ .

We are, in the end, only interested in continuous solutions of (4.26), hence we
will also introduce the following definition
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Figure 4.19: The phase space of a delay differential equation. The intuition is that
we change to coordinates which “move with” the window of length τ .

Definition 4.A.6 (Classical solutions). We call a pair (x, ψ) ∈ X⌧ classical if and
only if ψ(0) = x. We denote the space of classical functions X cl

⌧ ⊂ X⌧ as

X cl
⌧ := {(x, ψ) ∈ X⌧ : ψ(0) = x} .

It follows that we have a natural identification

X cl
⌧
∼= C⌧ = C[−τ, 0].

Inspired by (4.27), let us now consider the following ODE on X⌧ :

d

dt

(
u(t)
Ut

)
=

(
F (u(t), Ut)

d
ds
Ut

)
. (4.28)

We can view the second equation in this system d
dt
Ut = d

ds
Ut as a PDE on

[−τ, 0]× [0,∞) and the method of characteristics tells us that any solution must
be of the form

Ut(s) = ψ(t+ s),

for all s ∈ [−τ, 0] and t ∈ [0,∞). This means that if we have a classical solution of
(4.28), i.e., a solution that lies in X cl

⌧ for all t, then we must have

Ut(s) = ψ(t+ s) = Ut+s(0) = u(t+ s),

or equivalently ut = Ut for all t ∈ [τ, 0). Hence (u(t), Ut) is a classical solution of
(4.28) if and only if u(t) is a solution of (4.26).
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This formalism now allows us to study DDEs as if they were ODEs on a
Banach-space:

d

dt
U(t) = F(U(t)),

where U(t) = (u(t), Ut) and where F : X⌧ → X⌧ .

Definition 4.A.7. We shall call a map F : X⌧ → X⌧ of delay-type whenever we
can write

F(x, ψ) =

(
F (x, ψ)

d
ds
ψ

)
∈ C× C⌧ .

for some function F : C× C⌧ → C.

Equilibria and eigenvectors for delay equations

Let us now consider the ODE on a Banach space

d

dt
U(t) = F(U(t)), (4.29)

where F : X⌧ → X⌧ is of delay-type and recall that a point (x, ψ) ∈ X⌧ is an
equilibrium if and only if F(x, ψ) = 0. Since F is of delay-type, this in particular
means that

d

ds
ψ = 0,

so ψ must be a constant function. Furthermore, if (x, ψ) is also classical, then
ψ(0) = x, hence ψ(s) = x for all s ∈ [0, τ ]. Therefore all classical equilibria of (4.29)
are simply constant functions in X cl

⌧ = C⌧ satisfying F (x, ψ) = F (ψ(0), ψ) = 0.

Remark 4.A.8. Of course the preceding result is not surprising. In the traditional
formulation DDEs are written as

u′(t) = F (ut),

hence it is immediately clear that ut must be the same constant function for all t.
However the result is a useful exercise in understanding the DDE/ODE formalism.

Suppose U ∈ X⌧ is an equilibrium of F , then we can write the linearized
operator DF(U) : X⌧ → X⌧ as

DF(U) =

(
DxF (u, U) DψF (u, U)

0
d

ds

)
.

Suppose now that (ξ,Ξ) ∈ X⌧ is an eigenvector of DF(U) with eigenvalues λ, then

DF(U)

(
ξ
Ξ

)
=

(
DxF (u, U)ξ +DψF (u, U)Ξ

d
ds

Ξ

)
= λ

(
ξ
Ξ

)
,
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and d
ds

Ξ(s) = λΞ(s) for all s ∈ [−τ, 0], meaning that we can write

Ξ(s) = Ξ(0)eλs.

Since we are using this ODE representation to find solutions of DDEs, we are only
interested in classical eigenfunctions of DF , so we may assume that Ξ(0) = ξ, and
indeed

Ξ(s) = ξeλs.

Thus the eigenfunctions of DF are given by (scalar multiples of) the functions

ǫλ(s) := eλs.

From this we have:

Lemma 4.A.9. Let U be an equilibrium of F , then λ ∈ C is a classical eigenvalue
if and only if

DxF (U) +DψF (U)ǫλ = λ. (4.30)

The corresponding eigenfunction is then given by ǫλ(s) := eλs.

Example 4.A.10. Suppose that the function F : X⌧ → C is of the form

F (x, ψ) = f(x, ψ(−τ))

and suppose that the equilibrium is given by the constant function u = U(s) = c
for all s ∈ [−τ, 0]. Then (4.30) can be written as

∂1f(c, c) + ∂2f(c, c)e−λ⌧ = λ. (4.31)

Example 4.A.11. Suppose that the function F : X⌧ → C is of the (state-
dependent) form

F (x, ψ) = f(x, δ−⌧(x)ψ) = f(x, ψ(−τ(x))),

where δα : C⌧ → C given by δαφ = φ(α) is the Dirac-δ distribution at α. Further-
more, suppose that the equilibrium is given by the constant function u = U(s) = c
for all s ∈ [−τ, 0]. We then have that

DxF (x, ψ) = Dxf(x, ψ(−τ(x)))

= ∂1f(x, ψ(−τ(x)))− ∂2f(x, ψ(−τ(x)))φ′(−τ(x))τ ′(x),

DψF (x, ψ) = Dψf(x, δ−⌧(x)ψ)

= ∂2f(x, δ−⌧(x)ψ)δ−⌧(x).

Since our equilibrium must be a constant function, we find that φ′ = U ′
t = 0, hence

we find that (4.30) becomes identical to (4.31), namely

∂1f(c, c) + ∂2f(c, c)e−λ⌧ = λ,

where in this case τ = τ(c).
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Periodic orbits and invariant vector bundles for delay equations

Let us now consider periodic solutions of (4.29). The problem of finding such
solutions is greatly simplified if we pass to Fourier series, so suppose that we have
for every k ∈ Z coefficients ck ∈ C and Ck ∈ C⌧ , then we define V : [0, T ]→ X⌧ by

V(θ) =

(
v(θ)
Vθ

)
=




∑

k

cke
ikωθ

∑

k

Cke
ikωθ


 ,

where ω := 2π/T . By a classical result of [99], we know that if the delay map is
analytic, then a periodic solution of equation (4.29) is analytic. Hence the Fourier
coefficients of V decay exponentially fast.

If V is a periodic solution of (4.29), where F is of delay type, then clearly the
second component must satisfy ∂

∂θVθ(s) = d
dsVθ(s) , from which it follows that

∂

∂θ

∑

k

Ck(s)eikωθ =
d

ds

∑

k

Ck(s)eikωθ,

or

iω
∑

k

kCk(s)eikωθ =
∑

k

C ′
k(s)eikωθ.

Isolating the Fourier coefficients, Ck satisfies

C ′
k(s) = ikωCk(s).

Imposing that V is a classical solution of (4.29), it is immediately clear that
Ck(0) = ck, and therefore

Ck(s) = Ck(0)eikωs = cke
ikωs.

So,

Vθ(s) =
∑

k

Ck(s)eikωθ =
∑

k

cke
ikω(s+θ).

Summarizing: in order to find a periodic solution of (4.29), it suffices to solve

iω
∑

k

kcke
ikωθ = F

(
∑

k

cke
ikωθ,

∑

k

cke
ikω(•+θ)

)
, (4.32)

where eikω(•+θ) denotes the map s 7→ eikω(s+θ) for s ∈ [−τ, 0].
A numerical solution is obtained by truncating the Fourier series up to some

order N , and computing zeros of the truncated map R
N via a Newton scheme.

Since the period is a priori unknown we also treat it as a variable and fix a phase
condition (like v(0) = v0) to balance the system of equations.
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Example 4.A.12. If the delay equation only has one delay, then equation (4.32)
becomes

iω
∑

k

kcke
ikωθ = f

(
∑

k

cke
ikωθ,

∑

k

cke
ikω(θ−τ)

)
. (4.33)

If f is polynomial then the right-hand-side is a linear combination of discrete
convolutions of the coefficients ck and cke

−ikωτ .

Suppose now that V(θ) =
(
v(θ)
Vθ

)
is a periodic solution of (4.29), of least period

T . Then the vector bundle
(
ξ(θ)
Ξθ

)
∈ Xτ , with θ ∈ [0, 2T ], corresponding to the

Floquet exponent λ satisfies

∂

∂θ

(
ξ(θ)
Ξθ

)
=

(
DxF (v(θ), Vθ)ξ(θ) +DψF (v(θ), Vθ)Ξθ

d
dsΞθ

)
− λ

(
ξ(θ)
Ξθ

)
. (4.34)

Note that we parametrize the vector bundle over [0, 2T ] to account for the possibility
that the Floquet multiplier is negative.

While (4.34) is an ODE on Xτ , we note that for λ 6= 0 it is not of delay type.
However, we do know that for every θ ∈ [0, 2T ]

∂

∂θ
Ξθ =

d

ds
Ξθ − λΞθ,

and hence by the method of characteristics we must have that

Ξθ(s) = eλsψ(θ + s).

Defining
( ξ̂(θ)

Ξ̂θ

)
by

ξ̂(θ) = ξ(θ)

Ξ̂θ = ǫ−λΞθ,

and then substituting this into equation (4.34), we obtain

∂

∂θ

(
ξ̂(θ)

Ξ̂θ

)
=

(
(DxF (v(θ), Vθ)− λ)ξ̂(θ) +DψF (v(θ), Vθ)(ǫλΞ̂θ)

d
ds Ξ̂θ

)
, (4.35)

an equation of delay type. Furthermore it is clear that
( ξ̂(θ)

Ξ̂θ

)
is classical if and

only if
( ξ̂(θ)

Ξ̂θ

)
is. Therefore, we reduce parametrizing the vector bundle of V to

solving the DDE defined by (4.35).
Using this, and equation (4.32), we simultaneously solve for the periodic solution

(with Fourier coefficients ck), the angular frequency of the vector bundle (ω/2 =
2π/2T ), the eigenfunction (with Fourier coefficients ak) and the eigenvalue (λ) by
solving the coupled system of equations



























































∑

k

ck = v
0

∑

k

ak = ξ
0

1

2
iω

∑

k

kcke
ikωθ/2

= F





∑

k

cke
ikωθ/2

,
∑

k

cke
ikω(•+θ)/2





1

2
iω

∑

k

kake
ikωθ/2

= (DxF (. . .) − λ)
∑

k

ake
ikωθ/2

+DψF (. . .)
∑

k

kake
ikω(•+θ)/2

e
λ•
,

(4.36)
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The notion is completely natural for delay equations. In fact when we think
of the DDE as an ODE on the phase space X⌧ = C([−τ, 0),R) × R this idea
leads to the following. With −τ ≤ s1 < . . . < sn ≤ 0 in [−τ, 0], suppose that
U = (u(t), Ut(s)) is a solution of equation (4.29), with U0 = (u(0), U0(s)) the initial
condition. Consider as coordinates the functions

sj(t) := Ut(sj) 1 ≤ j ≤ n.

Then the curve (s1(t), . . . , sn(t)) parameterizes an orbit in R
n, and we take this as

our projection.

Remark 4.A.14 (Three dimensional plotting). In the present work we will always
choose s1 = −τ , s2 = −τ/2, and s3 = 0 unless specified otherwise. This provides a
natural embedding of our systems into three dimensions and usually produces nice
pictures.

The parameterization method

Since its introduction in the works of [12, 13, 14, 49, 48, 47] the parameterization
has been used to study invariant manifolds in a wide variety of settings. This
section provides an overview of some elementary aspects of the method, especially
with reguards to unstable manifolds attached to equilibrium and periodic orbits of
vector fields. The reader interested in a more comprehensive discussion can consult
the recent book on the topic [46].

Unstable manifold attached to an equilibrium solution

Suppose that F is a (possibly unbounded) smooth vector field on the Banach space
X and let u0 ∈ X be a hyperbolic fixed point of F . Assume that F generates
an (eventually) compact semiflow, which we denote by φ : X × R

+ → X . Then
(since the semiflow is compact) the linear operator DF (u0) has only finitely many
unstable eigenvalues (each with finite multiplicity) which we denote λ1, . . . , λm ∈ C.
We order the eigenvalues so that

0 < real(λ1) ≤ . . . ≤ real(λm).

For the sake of simplicity, we assume that each eigenvalue has multiplicity one.
This is the only case which appears in the applications in the present work. More
general cases can however be treated as discussed in [103]. Let ξ1, . . . , ξm ∈ X
denote associated eigenvectors. Let

Bm := {σ ∈ R
m : |σj | < 1 for all 1 ≤ j ≤ m} ,

denote the unit cube in R
m. The following definition is central.

Definition 4.B.1 (Conjugating chart map for a local unstable manifold of an
equilibrium). We say that a smooth map P : Bm → X is a conjugating chart map
for Wu

loc(u
0) if
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First we check that x(t) is a backward orbit of P (σ1, . . . , σm). Equation (4.39)
then gives

φ(x(−t), t) = φ(P (e−λ1tσ1, . . . , e
−λmtσm), t)

= P (eλ1te−λ1tσ1, . . . , e
λmte−λmtσm)

= P (σ1, . . . , σm),

for any t ∈ [0,∞), i.e. any point on x(t) with t < 0 flows to x(0) = P (σ). Moreover,
the backward orbit x(t) accumulates at u0, since

lim
t→−∞

x(t) = lim
t→−∞

P (eλ1tσ1, . . . , e
λmtσm)

= P (0, . . . , 0)

= u0

by the continuity of P and equation (4.38).
The following proposition is the core of the parameterization method for an

equilibrium solution.

Proposition 4.B.3 (Invariance equation: unstable manifold of a fixed point).
Suppose that P : Bm → X satisfies the linear constraints of equation (4.38), and
that

F [P (σ1, . . . , σm)] = λ1σ1
∂

∂σ1
P (σ1, . . . , σm) + . . .+ λmσm

∂

∂σm
P (σ1, . . . , σm),

(4.40)
for all (σ1, . . . , σm) ∈ Bm. Then P is a conjugating chart map in the sense of
Definition 4.B.1, and hence the image of P is a local unstable manifold attached to
u0 by Lemma 4.B.2.

The proof follows (for example) by adapting the proof of Lemma 2.1 in [122] to
the case of an unstable manifold for a semi-flow.

Remark 4.B.4. By introducing a little extra notation we obtain a convenient
and abbreviated version of equation (4.40). Define the m×m diagonal matrix of
unstable eigenvalues

Λ =



λ1 . . . 0
...

. . .
...

0 . . . λm




and let σ = (σ1, . . . , σm). Then equation (4.40) is equivalent to

F [P (σ)] = DP (σ)Λσ. (4.41)

Equation 4.41 shed further light on Proposition 2.5 as – geometrically speaking
– equation (4.41) says that the push forward of the linear vector field Λ by P is
tangent to (in fact equal to) the vector field F restricted to the image of P . In
other words, P carries orbits generated by Λ to orbits generated by F , giving
an “infinitesimal conjugacy” between the vector field σ′ = Λσ and vector field
x′ = F (x) restricted to the image of P .
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Remark 4.B.5 (Formal series solution and uniqueness). As mentioned in the
introduction, and illustrated explicitly for the case of DDEs in Section 4.2, a natural
approach to solving equation (4.40) is to develop formal series solutions. In fact
this is the main topic of the original work of [12, 13, 14], where it is shown that
the following notion of resonance provides the only obstruction to a formal series
solution.

Definition 4.B.6 (Resonance of order α). We say that the complex numbers
λ1, . . . , λm have a resonance of order (α1, . . . , αm) = α ∈ N

m
0 if

α1λ1 + . . .+ αmλm = λj ,

for some 1 ≤ j ≤ m and some |α| ≥ 2. We say that λ1, . . . , λm are non-resonant
if there is no resonance of order α for any order |α| ≥ 2.

A central result of [12] is this: if the eigenvalues λ1, . . . , λm are non-resonant,
then for any choice of associated eigenvectors ξ1, . . . , ξm, there is a power series P
which satisfies the linear constraints of equation (4.38) and which solves equation
(4.40) in the sense of formal power series. Moreover the solution is unique up to
the choice of the eigenvectors.

Since λ1, . . . , λm are a finite collection of unstable eigenvalues there are only
finitely many opportunities for resonances between these (as for |α| large enough
the dot product on the left has magnitude larger than any of the finitely many
unstable eigenvalues), i.e., despite first impressions, Definition 4.B.6 imposes only
a finite number of constraints. For a more detailed discussion of this point see
Lemma 4.2 and its proof in Section 4 of [92].

Remark 4.B.7 (A-priori convergence results). Since the results described in
Remark 4.B.5 give that a formal series solutions of equation (4.40) exists as long
as the eigenvalues are non-resonant in the sense of Definition 4.B.6, an important
question is: does the formal series actually converge? In other words, do there
exist analytic solutions of equation (4.40)?

One answer to this question, which covers the case of present interest, is given by
Theorem 3.2 of [102]. The theorem covers the case of an analytic, but unbounded,
ordinary differential equation on a Banach space. Roughly speaking, the theorem
says that if the eigenvalues are non-resonant then there exists a small enough choice
of the scalings of the eigenvectors so that the formal series solution found by power
matching actually converges on the m-dimensional unit poly-disk in C

m. Note
that Theorem 3.2 of [102] is stated for ODEs with sectorial linear part, but that
the argument could be modified to cover unbounded linear operators associated
with DDEs. What is actually needed is the variation of constants formula, and
this formula can be recovered for retarded functional differential equations.

All that being said, in practice we are usually interested in large scalings of
the eigenvectors as we would like to parameterize a large portion of the unstable
manifold. In this case an a-priori result like the theorem just cited is useless to us.
Instead, we are interested in developing a-posteriori analysis which can be used to
validate the results of the parameterization method far from the fixed point. Such
analysis is, for example, developed for PDEs in [102]. Extending the arguments of





160

parameterization method for periodic orbits of differential equations. The proof
for the case of finite dimensional vector fields is found in [20], and can be adapted
to the present case of an unbounded ordinary differential equation densely defined
on a Banach space.

Proposition 4.B.9 (Invariance equation: local unstable manifold for a periodic
orbit). A smooth function P : [0, 2T ]×Bm → X is a conjugating covering map for
a local unstable manifold if and only if P satisfies the linear constraints of equation
(4.42) and P solves the partial differential equation

F [P (θ, σ)] =
∂

∂θ
P (θ, σ) + λ1σ1

∂

∂σ1
P (θ, σ) + . . .+ λmσm

∂

∂σm
P (θ, σ), (4.44)

for all θ ∈ [0, 2T ] and all σ ∈ Bm.

Remark 4.B.10 (A-priori existence). One could establish a-priori existence for
the periodic case in a manner similar to that discussed in Remark 4.B.7. The result
is that a solution of equation (4.44) exists and is unique (up to the scalings of the
unstable vector bundles) as long as the non-resonance condition

α1λ1 + . . .+ αmλm 6= λj , for all α ∈ N
m
0 , and each 1 ≤ j ≤ m,

holds between the Floquet exponents. Note that this is exactly the same notion of
non-resonance which appears in the equilibrium case (see Definition 4.B.6) except
with unstable eigenvalues replaced by unstable Floquet exponents. It also parallels
the situation encountered when parameterizing local stable/unstable manifolds
attached to periodic orbits of finite dimensional ODEs. See [14, 55, 42, 20, 21] for
further discussion.



Summary

In this thesis, we develop techniques that allow for the construction of computer
assisted existence proofs of solutions of infinite-dimensional dynamical systems. The
methods developed rely on using a numerically obtained approximate solution as a
foundation for the existence proof. In particular, our aim is to show the existence
(and uniqueness) of a solution close to the numerically obtained approximate
solution.

Our approach is essentially based on the Banach contraction theorem. We
rewrite the problem in question as a fixed-point problem of a Newton-like operator
on a suitable Banach space. Moreover we construct this Newton-like operator
such that any fixed point corresponds to a solution of the original problem. It
can subsequently be shown that this Newton-like operator is contractive whenever
a finite set of inequalities is satisfied. If this is the case, than the existence and
(local) uniqueness of a fixed point is guaranteed by the Banach contraction theorem,
which in turn proves the existence of a solution.

The inequalities constructed in this method are the fruit of careful pen-and-
paper analysis and numerical methods. However, since the inequalities contain
(possibly many) terms that depend explicitly on the numerical solution used, they
themselves cannot be verified by hand but must be evaluated using specialised
computer software. Hence the end result of the procedures described above is a
computer program that checks whether the inequalities hold, and as a by-product
provides the radius r of a ball around the numerical solution in which the true
solution can be found.

In this thesis, we apply these techniques to two different classes of infinite-
dimensional dynamical systems. The first, described in Chapter 2, concerns finding
radially symmetric stationary solutions of PDEs. The remainder of the thesis
focuses on the study of delay equations. In Chapter 3 we apply these techniques to
the problem of finding periodic solutions of delay equations. Finally Chapter 4 is
dedicated to developing techniques that allow for the construction of the unstable
manifold of stationary and periodic solutions of delay equations. As we show
in Chapter 4, these techniques allow for an efficient numerical approximation of
compact subsets of the unstable manifolds, as well as a natural starting-point for a
computer assisted existence proof. The latter falls outside the scope op Chapter
4, but nonetheless a relatively simple example of such a proof is included as an
example in the Introduction of this thesis.

161



162



Bibliography

[1] CAPD: Computer assisted proofs in dynamics, a package for rigorous numerics.
http://capd.ii.uj.edu.pl.

[2] Zin Arai, Hiroshi Kokubu, and Pawe l Pilarczyk. Recent development in
rigorous computational methods in dynamical systems. Japan J. Indust.
Appl. Math., 26(2-3):393–417, 2009.

[3] Gianni Arioli and Hans Koch. Computer-assisted methods for the study
of stationary solutions in dissipative systems, applied to the Kuramoto-
Sivashinski equation. Arch. Ration. Mech. Anal., 197(3):1033–1051, 2010.

[4] Gianni Arioli and Hans Koch. Integration of dissipative partial differential
equations: a case study. SIAM J. Appl. Dyn. Syst., 9(3):1119–1133, 2010.

[5] Gianni Arioli and Hans Koch. Non-symmetric low-index solutions for a
symmetric boundary value problem. J. Differential Equations, 252(1):448–
458, 2012.

[6] Gianni Arioli and Hans Koch. Some symmetric boundary value problems and
non-symmetric solutions. J. Differential Equations, 259(2):796–816, 2015.

[7] Alfredo Bellen and Marino Zennaro. Numerical methods for delay differential
equations. Numerical Mathematics and Scientific Computation. Oxford
University Press, Oxford, 2013. First paperback reprint of the 2003 original
[MR1997488].

[8] M. Breden, J.P. Lessard, and J.D. Mireles James. Computation of max-
imal local (un)stable manifold patches by the parameterization method.
Indagationes Mathematicae, 27(1):340–367, 2016.

[9] M. Breden, J.P. Lessard, and M. Vanicat. Global bifurcation diagram of
steady states of systems of pdes via rigorous numerics. Acta Applicandae
Mathematicae, 128(1):113–152, 2013.

[10] Maxime Breden. Personal communication, May 2017.

[11] Maxime Breden, Jean-Philippe Lessard, and Jason D. Mireles James. Compu-
tation of maximal local (un)stable manifold patches by the parameterization
method. Indag. Math. (N.S.), 27(1):340–367, 2016.

163



164
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